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Preface

‘The most distinct and beautiful statement of any truth must
atlast take the Mathematical form' -Thoreau.

Among the Nobel Laureatesin Economics more than 60% were
Economists who have done pioneering work in Mathematical
Economics.These Economists not only learnt Higher Mathematics
with perfection but also applied it successfully in their higher pursuits
of both Macroeconomics and Econometrics.

A Mathematical formula (involving stochastic differential
equations) was discovered in 1970 by Stanford University Professor
of Finance Dr.Scholes and Economist Dr.Merton.This achievement
led to their winning Nobel Prize for Economicsin 1997.Thisformula
takes four input variables-duration of the option,prices,interest rates
and market volatility-and produces a price that should be charged for
the option.Not only did the formula work ,it transformed American
Stock Market.

Economics was considered as a deductive science using verbal
logic grounded on a few basic axioms.But today the transformation
of Economics is complete.Extensive use of graphs,equations and
Statistics replaced the verbal deductive method.Mathematicsis used
in Economics by beginning wth afew variables,gradually introducing
other variables and then deriving the inter relations and the internal
logic of an economic model.Thus Economic knowledge can be
discovered and extended by means of mathematical formulations.

Modern Risk Management including Insurance,Stock Trading
and Investment depend on Mathematics and it is afact that one can
use Mathematics advantageously to predict the future with more
precision!Not with 100% accuracy, of course.But well enough so
that one can make a wise decision as to where to invest money.The
idea of using Mathematicsto predict the future goes back to two 17"
Century French Mathematicians Pascal and Fermat.They worked
out probabilities of the various outcomes in a game where two dice
are thrown a fixed number of times.



In view of the increasing complexity of modern economic
problems,the need to learn and explore the possibilities of the new
methods is becoming ever more pressing.If methods based on
Mathematics and Statistics are used suitably according to the needs
of Social Sciences they can prove to be compact, consistent and
powerful tools especially in the fields of Economics, Commerce and
Industry. Further these methods not only guarantee a deeper insight
into the subject but also lead us towards exact and analytical solutions
to problems treated.

Thistext book has been designed in conformity with the revised
syllabus of Business Mathematics(X11) (to come into force from
2005 - 2006)-http:/www.tn.gov.in/schoolsyllabus/. Each topic is
developed systematically rigorously treated from first principles and
many worked out examples are provided at every stage to enablethe
students grasp the concepts and terminology and equip themselves
to encounter problems. Questions compiled in the Exercises will
provide students sufficient practice and self confidence.

Students are advised to read and simultaneously adopt pen and
paper for carrying out actual mathematical cal culations step by step.
Asthe Statistics component of this Text Book involves problems based
on numerical calculations,Business M athematics students are advised
to use cal culators. Those students who succeed in solving the problems
on their own efforts will surely find a phenomenal increase in their
knowledge, understanding capacity and problem solving ability. They
will find it effortless to reproduce the solutions in the Public
Examination.

We thank the Almighty God for blessing our endeavour and
we do hope that the academic community will find this textbook
triggering their interests on the subject!

“The direct application of Mathematical reasoning to the
discovery of economic truth has recently rendered great services
in the hands of master Mathematicians” — Alfred Marshall.

Malini Amali Raja  Raman Padmanabhan Ramachandran
Prakash Murthy Ramesh Srinivasan Antony Raj
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APPLICATIONS OF MATRICES 1
AND DETERMINANTS

The concept of matrices and determinants has extensive
applications in many fields such as Economics, Commerce and
Industry. In this chapter we shal develop some new techniques
based on matrices and determinants and discuss their applications.

1.1 INVERSE OF A MATRIX

1.1.1 Minorsand Cofactor s of the elementsof a deter minant.

The minor of an element &, of adeterminant A is denoted by
M and is the determinant obtained from A by deleting the row
and the column where g, occurs.

The cofactor of an element &; with minor M, is denoted by
C;; and is defined as
i My, if i+]iseven
=1 it i+]isodd.

ot M

Thus, cofactors are signed minors.
a; ap
Ay Ay

My=a,, Mp=a,, My=a,,M,=a,
Al Cy=a,, Cp=-a,, C=-a, GC,=a,

In the case of , we have

dy; 3, Q3
Inthecaseof @z S» Qxl, wehave
a31 a‘32 a33
a a a a
Mll - 22 23 ’ Cll - 22 23 ’
a32 a33 a32 a33
a a a a
M 1 - 21 23 ’ C12 _ 21 23 ’
a31 a33 a31 a33




— a21 a22 — aZl a22 .
M13 - ! C13 !
a31 a32 a3l a'32
a, a, a, a,
M, = , C21—- and so on
a32 a33 a32 a33

1.1.2 Adjoint of a square matrix.

The transpose of the matrix got by replacing al the elements
of a square matrix A by their corresponding cofactorsin |A | is
cdled the Adjoint of A or Adjugate of A and isdenoted by Adj A.

Thus  AdiA =A',

Note
. _a& bo _ad -co
(i) Let A—gc dz then Ac_g-b aZ
. - bo
\ AmA:Agzgi g
"~ a

Thus the Adjoint of a2 x 2 matrix gi

can be written instantly as gd "bg
- C a g
@) Ad I =1, wherel isthe unit matrix.

i) AAdA)=(Ad A)A=|A]I

(iv) Adj (AB) =(Adj B) (Adj A)

(v) If Alisasguare matrix of order 2, then |AdjA| = |A]
If A isasguare matrix of order 3, then |Adj A| = |AP

Example 1

Write the Adjoint of the matrix A = g )
Solution :

2
3

[SEREe]

A _ 23 20
AdJA—g_4 1%

Example 2
P 12
Find the Adjoint of thematrix A =¢1 2 3+
83 1 15
2



Solution :

8‘9 1 2%
A:(;l
§3 1 13
Now,
_l2 3
cu=f I
_h 2
Ca "1 1
I
C31 ‘2 3‘
éaal
\ AC:(;].
&1
Hence
el
) ¢
AdjA=c¢1
&1

-6

1, C,
-1, C,,
8 -59
3+

- 15

8 - 56l

3+

2 -1

13| _ _Po22
b =8 cash f=s
0 2|_ _ o -
p =e ca=f s
0 2|_ T
f =2 ezl 3=
2l 1 -0

= (8 -6 2=

£53 -

1.1.3 Inverse of anon singular matrix.

Theinverse of a non singular matrix A is the matrix B
B is then called the inverse of A and

such that AB = BA = 1.

denoted by A1,
Note

(i) A non sguare matrix has no inverse.

(i) Theinverse of a square matrix A exists only when |A|* O
that is, if A isasingular matrix then A1 does not exist.

(i)

B=Alb A=B1

(iv)

AALl=I=ALA

If B isthe inverse of A then A istheinverse of B. That is

(v) Theinverse of amatrix, if it exists, is unique. That is, no
matrix can have more than one inverse.

(i)

The order of the matrix A" 1 will be the same as that of A.

3



(vii)
(viii)
(iX)
(x)

1=

(AB)Y1=B1A-1 provided the inverses exigt.
A2=]impliesAl=A

If AB = Cthen

(@ A=CB1! (b) B=A1C, provided theinversesexist.

(xi) We have seen that

A(AdiA) = (AdIA)A = |A| |

\ A IAI(AdJA) = A l(Ade)A =1 (®)A|* 0)
This suggests that

(xii)

1 1
A'L= TA[(AdA). Thatis A'1= JAAY
(A-Y)1=A, provided theinverse exists.

bo .
Let Azgc di|th|A|:ad-bc10

. . bo
Thus the inverse of a2 x 2 matrix gﬁ q _can be written
%)

ingtantly as 1 I prowded ad- bc? 0.

ad- bc

Example 3

36 . .
=, if it exists.

a5
Find theinverse of A = g4 2;_)

Solution :




Example 4
Show that the inverses of the following do not exist :

.. B 1-2
(i)A:EEZ 6g(ii)A=927 3=
3 -9% 6 2 -4
Solution ;
. 2 e|_ 1 .
O JAl= 3 =0 \ A-!doesnot exist.
31 -

i) JA|=2 7 3] =0 \ A-ldoesnotexist.
6 2 -

Example5
g@ 3 40
Find theinverseof A =¢3 2 1+ if it exists.
§1 1 -25
Solution :
2 3 4
A|=13 2 1|=152 0\ Alexids
11 -2
1 — 1t
We have, At = A] A,
Now, the cofactors are
2 1 3 1 3
Cll:l 22| T 5 C12:'1 -2 =1 C13:1 1 =1
3 4 2 4 2
Chu=-} _,|F10,Cph=1| _2‘:-8, Cp=-|; ‘:1,
3 4 2 4 2 3
Caur=|, 1]7-5 Cyp= s 1 =10, Cy3=1|, ,|=5
Hence
@5 7 10 @5 10 -5 @5 10 -5
Aczglo -8 1;,Atczg7 -8 104\ Al=L 7 -8 105
&5 10 -5 €1 1 -5 €1 1 -5

5



Example 6
& -2 39 C 7 12
¢ i s & 9.
ShowthatA=¢2 1 -l+andB=Cz 77 ~w~areinverse
84 -3 25 10 _1 _l+
of each other. &7 17 179

¢ = .
AB=®@ 1 -1: G 1 "o~
-3 25 G 7
& - '117 170
& -2 30 & 5 190 27 0 00
_» 1 -1 18 6 -9.- 1 %o 170
¢ 17 ¢ T 17 -
“ -3 25" %0 -1 -74 &0 0 17
@ 0 0o
:go 1 0;:|
€ 0 15
Since A and B are square matrices and AB =1, A and B are
inverse of each other.
EXERCISE1.1
1) Find the Adjoint of the matrix E‘* L3¢
2 1g
8@ 0 -16
2  Find the Adjoint of the matrix ¢ 1 0+
0 1 35
‘e;e4 -3 -39
3)  Show that the Adjoint of thematrix A=¢1 0 1=+isAitself.
&4 4 35
8@ 1 16
4 1fA=¢l 2 -3 verify that A(Adj A) = (Adj A) A = |A] 1.
& -1 35
5 GuvenA=f % B= 0L
4 2% 2 1y
verify that Adj (AB) = (Adj B) (Adj A)

6



6)

8)

9

10)

11)

12)

13)

14)

15)
16)

17)

18)

In the second order matrix A= (g ), given that ;= i+, write
out the matrix A and verify that [Adj A] = JA|

ga -1 1%
GivenA=¢2 1 1- verifythat |Adj Al= |AP
& 1 -1
. . _®2 49
Write the inverse of A = g 3 25
ga 0 20
Find theinverseof A=¢3 1 1=
&2 1 2%
ga 0 ad
Find theinverseof A = ¢0 1 b= and verify that AA-1=1.
&0 0 1%
891 0 09
If A=¢0 & O+ and none of the a's are zero, find AL,
&0 0 ag
8e1 2 -29
If A=c¢4 -3 4=+ show that theinverse of A isitself.
&4 -4 55
891 3 49
If A-1=¢3 2 2+ find A.
81 1 1 ..
° & % H0
& 3 1% C -

¢ : 7z 1 _5_. .
Showthat A=¢l 2 3:andB=Ci8 18 "1~ areinverse
& 1 25 5 7 41+

of each other 18 18 180

IfA = ?24 '839, compute A and show that 4A-1= 10| - A
3 a9

If A = Ee“ 39 erfy that (A 1= A
2 -1

. B 10 26 00
-l=pg1A-1 = 9 - 9
Verify (AB)*=B 'A%, when A gz _laandB go o
® 7 -1
Find | if the matrix ¢3 € 5+ hasno inverse.
& 11 éj

7



ael 2 30 aél -3 29
190 If X= (;2 4 5:gndyY = (;'3 3 '1f
&3 5 65 €2 p ay

find p, g such that Y = X1,

20) If gs _X = gzg B’ find the matrix X.

1.2 SYSTEMSOF LINEAR EQUATIONS

1.2.1 Submatrices and minorsof a matrix.

Matrices obtained from agiven matrix A by omitting some of
its rows and columns are called sub matricesof A.

B 24 1 59
© 01 -1 45 _
eg. IfA=c¢, 1 g 4 o7, someof thesubmatricesof A are:
14 1 25
B 206 a8 50 & 40 gl 49
2 05 &2 45 B 25 B0 23
__a@149ae419 & 2 4 50
g“lg,gl 0 2: ¢l -1: andgzolzl%
V- @ 4 25 &4 15 & 14 25
The determinants of the square submatrices are calledminors
of the matrix.
Some of the minors of A are:
> a4l h a4l |3 2/ 8 s [ ! Lot
, , , 21 -dandj0 4 2
0O 1’ 11'[2 o'B 2|’k o 4 4 1 9

1.2.2 Rank of a matrix.
A positive integer ‘r’ is said to be the rank of a non zero
matrix A, denoted by r (A), if

(i) thereisat least one minor of A of order ‘r’ which is not zero
and

(i) every minor of A of order greater than ‘r’ is zero.

8



Note
(i) Therank of amatrix A isthe order of the largest non zero
minor of A.

(i) If Aisamatrix of order mx nthenr (A) < minimum (m, n)
(i) Therank of azero matrix is taken to be 0.

(iv) For non zero matrices, the least value of the rank is 1.

(v) Therank of anon singular matrix of order nx nisn.

(V) r(A)=r(A)

(i) r(y)=2, r(3)=3

Example 7
8’92 1 30
Find therank of thematrix A=¢1 0 2+
: €0 1 55
Solution :

Order of Ais3x3.\ r(A)<3
Consider the only third order minor

2 1 3

-1 0 2/=-210.

0 15

There isaminor of order 3 whichisnot zero. \ r(A) =3
Example 8

gé 5 66

Find therank of thematrix A = ¢1 2 3+

: & 4 55
Solution :

Orderof Ais3x3. \ r(A)<3
Consider the only third order minor

4 5 6
1 2 3
3 4 5

=0

The only minor of order 3iszero. \ r(A)<2
Consider the second order minors.

9



) 4 5
Wefind, =310
1 2

Thereisaminor of order 2whichisnonzero. \ r(A)=2.

Example 9
8e2 4 5%
Find therank of thematrix A=¢4 8 10+
&6 -12 - 154

Solution :

Order of Ais3x3. \ r(A)<3
Consider the only third order minor

2 4 5
4 8 105|:0 (Rlll Rz)
-6 -12 -1

The only minor of order 3iszero. \ r(A)<2

Consider the second order minors. Obvioudly they areal zero.
\ r(A)<1 SinceA isanon zero matrix, r (A) =1

Example 10
: . _ @ -3 47
Find therank of the matrix A = §9 1 2 OE

Solution :
Order of Ais2x4. \ r(A)<2

Consider the second order minors.

Wefind,
L3 0810
9 1|
Thereisaminor of order 2 which is not zero.
\ r(A)=2
Example 11
8@ 2 -4 55
Find therank of the matrix A =¢2 -1 3 6+
88 1 9 75

10



Solution :
Orderof Ais3x4. \ r(A)<3.
Consider the third order minors.

Wefind,
1 2 -
2 -1 3[=-14010
8 1 9

Thereisaminor of order 3whichisnot zero. \ r(A) =3.

1.2.3 Elementary operations and equivalent matrices.

The process of finding the vaues of a number of minors in
our endeavour to find therank of amatrix becomes|aborious unless
by astroke of luck we get anon zero minor at an early stage. To get
over this difficulty, we introduce many zeros in the matrix by what
are caled elementary operations o that the evaluation of the
minors is rendered easier. It can be proved that the elementary
operations do not ater the rank of a matrix.

The following are the elementary operations :
(i)  Theinterchange of two rows.
(i)  The multiplication of a row by a non zero number.
(i)  The addition of a multiple of one row to another row.

If amatrix B isobtained from amatrix A by afinite number of
elementary operations then we say that the matrices A and B are
equivalent matricesand we write A ~ B.

Also, whileintroducing many zerosin the given matrix, it would
be desirable (but not necessary) to reduce it to atriangular form.

A matrix A = () issaid to bein atriangular form if a; = 0
whenever i>j.
d 2 3 40

G FL .
eg., Thematrix c0 7 3 0+is inatriangular form.
0 0 2 9y

11



Example 12

[*=Y

D
[EN'S
{ANNGT

)
Find therank of the matrix A = go

&
Solution :
Order of A is3x 4. \' r(A)<3.
Let us reduce the matrix A to atriangular form.
® 3 14 4%
A :go 1 2 1+
& -1 2 0y
Applying R « R,
d -1 2 06
A ~go 1 2 1+
& 3 14 45
Applying R, ® R,- 5R,
@d -1 2 0
A ~ 1 2 1Z
&0 8 4 4y
Applying R,® R;- 8R,
da -1 2 09
A -~ 1 2 11
& 0 -12 -45
Thisis now in atriangular form.

)
N N
S,

Wefind,
1 -1 2
01 2|=_-1210
0 0 -12

Thereisaminor of order 3 whichisnot zero. \ r(A)=3.

Example 13
ga 11 1%
Find therank of thematrix A=¢l 3 -2 1+
2 0 -3 25

12



Solution :
Order of Ais3x4. \ r(A)<3
Let us reduce the matrix A to atriangular form.

da 1 1 1¢
A :813-21;
© 0 -3 24

Applying R,® R,- R;, R;® R;- 2R,
d 1 1 1o
A ~& 2 -3 o0:
§ -2 -5 0g
Applying R, ® R; + R,
a1 1 18
A ~& 2 -3 0%
0 0 -8 0y
Thisis now in atriangular form.
Wefind,
11 1
0 2 -3=-1610
0O 0 -8
Thereisaminor of order 3whichisnot zero. \ r(A) =3.
Example 14
& 5 2 20
FindtherankofthematrixA:g3 2 1 6+
&4 4 8 0g
Solution :
Order of A is3x 4. \'r (A)<3.
ad 5 2 2§
A =& 2 1 6:
&4 4 8 0y
- R
Applying R, ® 73
13



& 5 2 2%

A ~g3 2 1 6-
§&1 1 2 0y
Applying R « R,
da 1 2 090

A ~&3 2 1 65
&4 5 2 25
Applying R, ® R,- 3R} R;® R;- 4R,
a 1 2 09

A ~&O -1-5 6.
0 1 -6 25
Applying RR® R, + R,
a 1 2 09

A ~&O -1 -5 6:
% 0 -11 8

Thisisin atriangular form.

Wefind,

1 1 2

0 -1 -5|=1110

0 0 -11

Thereisaminor of order 3whichisnot zero. \ r (A)=3

1.2.4 Systems of linear equations.
A system of (Smultaneous) equations in which the variables
(ie. the unknowns) occur only in thefirst degreeis said to belinear.
A system of linear equations can be represented in the form
AX = B. For example, the equationsx- 3y+z=- 1, 2x+y-4z=-1,
6x- 7y+8z = 7 can be written in the matrix form as
@ -3 1oaxy @10
2 1 -4iiyio= ¢
& -7 858z5 &7y
A X B
14

¢ 1+



A is called the coefficient matrix. If the matrix A is
augmented with the column matrix B, at the end, we get the
augmented matrix,

gé -3 1 % -1

¢2 1 -4 : -1:denoted by (A, B)

® -7 8 i T,

A system of (smultaneous) linear equations is said to be
homogeneous if the constant term in each of the equationsis zero.
A system of linear homogeneous equations can be represented in the
form AX = O. For example, the equations 3x+4y- 2z =0, 5x+2y =0,
3x- y+z = 0 can be written in the matrix form as

B 4 -208X0 00

& 2 0:cy: = ¢O:
-1 15825 §05
A X =0

1.2.5 Consistency of equations

A system of equations is said to be consistent if it has at
least one set of solution. Otherwiseit is said to beinconsistent.

Consistent equations may have

()  unique solution (that is, only one set of solution) or

(i) infinite sets of solution.

By way of illustration, consider first the case of linear
equationsin two variables.

The equations 4x-y = 8, 2x + y = 10 represent two straight
linesintersecting at (3, 4). They are consistent and have the unique
solutionx = 3,y=4. (Fig. 1.1)

YA

Consistent ;
Unique solution




The equations 5x - y =15, 10x - 2y = 30 represent two
coincident lines. We find that any point on the line is a solution.
The eguations are consistent and have infinite sets of solution such
asx=1,y=-10;x=3,y=0;x=4,y=5and soon (Fig. 1.2)
Such equations are called dependent equations.

YA

Consistent ;
Infinite sets of solution.

KN
9 >
(1, -10)
Fig. 1.2

The equations 4x - y =4, 8x - 2y = 5 represent two
parallel straight lines. The equations are inconsistent and have
no solution. (Fig. 1.3)

YA

>/ A Inconsistent ;
<& > No solution

&
0 / / X
Fig. 1.3

Now consider the case of linear equations in three variables.
Theequations2x + 4y +z=5,x+y+z=6, X+ 3y+z=6are
consistent and have only oneset of uniquesolutionviz.x =2,y =-1,
z=5. Ontheother hand, theequationsx +y+z=1,x+2y+4z=1,
X + 4y + 10z = 1 are consistent and have infinite sets of solution such
asx=1,y=0,z=0;x=3,y=-3,z=1; and so on. All these
solutions are included in x = 1+2k, y = -3k, z=k wherek isa
parameter.

16



Theequations x+y+z=-3, 3X+vy- 2z=-2,
2x +4y + 7z =7 do not have even a single set of solution. They
are inconsistent.

All homogeneous equations do have the trivial solution
x =0,y =0, z=0. Hence the homogeneous equations are all
consistent and the question of their being consistent or otherwise
does not arise at all.

The homogeneous equations may or may not have
solutions other than the trivial solution. For example, the
equationsx + 2y + 2z2=0, x - 3y - 32=0, 2x +y - z= 0 have
only the trivial solution viz., x =0, y =0, z= 0. On the other
hand the equations x +y -z=0, X - 2y +z =0, 3x +6y -5z =0
have infinite sets of solutionsuchasx =1,y=2,z=3; x =3,
y =6,z=9and soon. All these non trivia solutions are included
inx =t, y=2t, z= 3t wheret is a parameter.

1.2.6 Testing the consistency of equations by rank method.

Consider the equations AX =B in 'n' unknowns
1) Ifr(A, B) =r(A), then the equations are consistent.
2) Ifr(A,B)? r(A), then the equations are inconsistent.

3) Ifr(A,B)=r(A)=n, then the equations are consistent and
have unique solution.

4) 1Ifr (A, B) =r(A) <n, then the equations are consistent and
have infinite sets of solution.

Consider the equations AX = 0in 'n' unkowns

1) If r (A) = n then equations have the trivial solution only.

2) If r(A) < n then egquations have the non trivial solutions
also.

Example 15

Show that the equations 2x -y +z=7, 3x +y- 5z = 13,
X +y +z =5 are consistent and have unique solution.

17



Solution :

The equations take the matrix form as

@ -1 16 ax6 @70

@ 1 -5 dyi = as:

@1 15825 §55
A X

B
79
©13-

Now (A, B) :
L 55
R « R4
54
P13
- P Ty
pplying R, ® R,-3R;, Ry® R;-2R;
1 1 : 5%
-2 -8 -2:
-3 -1 : -35 .
Applying R;® R;- > R,
8& 1 1: 59
(AB) ~@ -2 -8i-2
9 0 11 : 0y
Obvioudy,
r(A,B)=3,r(A)=3
The number of unknownsis 3.
Hencer (A, B) =r (A) = the number of unknowns.

\ The equations are consistent and have unique solution.

R
1
P g P

pplyi

<
P 3

l

>
@
l
WER HUR U
&

(A, B)

Example 16

Show that the equationsx+2y=3,y-z=2,x+y+z=1
are consistent and have infinite sets of solution.

Solution :
The equations take the matrix form as
18



g2 00m0 g
go 1 -1- (;y— = (;2—
G 115 825 815
A X = B
220 3%
Now, (A,B) =¢0 1 -1: 2«
1 1 1 14
Applying R, ® R;-R;
gé 2 0: 30
(A,B) ~¢0 1 -1: 2+
0 -1 1: -2
Applying R, ® R;+R,
gé 2 0 : 30
(A,B) ~¢0 1 -1: 2
9 0 0 : 04
Obvioudy,

r(A,B)=2, r(A)=2.
The number of unknownsis 3.
Hence r (A, B) =r (A) < the number of unknowns.
\ Theequationsare consistent and have infinite sets of solution.

Example 17

Show that the equations x -3y +4z= 3, 2x -by+7z= 6,
3x -8y +11z= 1 areinconsistent.

Solution :
The equations take the matrix form as

@ -3 40 ax6 &80

¢ - ¢ = G-
8 -81 gz Elg
A X = B

19



Now,

2 -3 41 3%
(A,B) :gz -5756%
B -8 11 14
Applying R, ® R,-2R;, Ry® R;-3R,
2 -3 41 3¢
(A,B) ~¢0 1 -1: 0+
0 1 -1: -85
Applying R; ® R;-R,
2 -3 41 3¢
(A,B) ~¢0 1 -1: 0+
9 0 0 : -8
Obvioudy,

r(A,B)=3, r(A)=2
Hence r (A,B)1 r (A)
\ The equations are inconsistent.
Exampe 18

Show that the equationsx +y +z=0, 2x +y-z=0,
X - 2y +z= 0 have only the trivial solution.

Solution :
The matrix form of the equationsis

B 1 10ax0 a0 0

e 1 Lgys o= go%
Q-2 15825 S0
A X =0

a 1 19

A :gz 1 '1:

§&1 -2 1y

Applying R,® R,-2R,, R,® R;- R,

20



a 1 190
A ~Q -1 -3
€ -3 05
Applying R, ® R, - 3R,
a1 10
A ~gO -1 3:
€0 0 95
Obvioudy,
r (A)=3
The number of unknownsis 3.
Hencer (A) = the number of unknowns.

\ The equations have only the trivia solution.

Example 19
Show that the equations 3x +y +9z = 0, 3x +2y +12z =0,
2x +y +7z =0 have non trivial solutions also.
Solution :
The matrix form of the equationsis
@B 1 90 axo a&0o
8 2120 {yl = o
& 1 75825 &05

A X = 0
B8 1 96
A =& 2 12
e 17
31 9 3 1
A|] =13 2 12 :o"3 2‘:310
2 1 7
\ r(A)=2

The number of unknownsis 3.

Hencer (A) < the number of unknowns.

\  The equations have non trivial solutions aso.
21



Example 20

Find k if the equations X + 3y-z=5, X -y +4z = 2,
X +7y -6z =k are consistent.

Solution :
23 115 2 3 -1
(A,B):g\? -1 4 52?, A:(r‘3 -1 4—
& 7 -6 kj & 7 -6y
2 3 -1 s 3
|IA] =B -1 4|=0q, ‘3 JJ:-lllo
1 7 -6 .

Obvioudy r (A) = 2.
For the equations to be consistent, r (A, B) should also be 2.
Hence every minor of (A, B) of order 3 should be zero.

3 -1 5
\-l 4 2:0
7 -6 k

Expanding and smplifying, we get k = 8.
Example 21

Find k if the equations x + y+z =3, x +3y +22 = 6,
X +by +3z = k areinconsistent.

Solution :
@& 11 : 3 B 1 1¢
AB) =& 3 2 6-, A=l 3 2
¥ 5 3 : kg ¥ 5 35
Wefind,
11 1 .
|A] =|1 3 2 :o,‘1 3‘:210
15 3

Obvioudy r (A) = 2.
For the equations to be inconsistent, r (A, B) should not be 2.
22



g&l 1 30
(A,B) :(213256?
¥ 5 3 : ky
Applying R,® R,- R;, R,® R;- R,
8&113 39
(A,B) ~¢0 2 1: 3%
0 4 2 k-3

Applying R, ® R; - 2R,
8& 11: 39
(A,B) ~0 2 1: 3?
% 0 0 : k-9
r(A,B)! 2only whenk?! 9
\  The equations are inconsistent when k assumes any real
value other than 9.
Example 22
Find the value of k for the equations kx + 3y +z=0,
3x -4y + 4z =0, kx - 2y + 3z=0to have non trivial solution.
Solution :

B 3 10
A:g3-4 4—
& -2 35

For the homogeneous equations to have non trivia solution,
r (A) should be less than the number of unknownsviz., 3.
\' r(A)t 3.
k 3 1

Hence |3 -4 4/ =0
k -2 3

Expanding and smplifying, we get k = 1—}

Example 23

Find k if the equationsx + 2y +2z2= 10, x -3y-3z =0,
2x +y +kz = 0 have only thetrivial solution.

23



Solution :

@ 2 20
A:gl -3 -3;
€ 1 kjp

For the homogeneous equations to have only the trivial
solution, r (A) should be equa to the number of unknownsviz., 3.

1 2 2
\1-3-310’ k11,
2 1 k

The equations have only the trivia solution when k assumes any
real value other than 1.

EXERCISE 1.2
1 Find the rank of each of the following matrices
aé. 2 39 aé% 2 19 aé. 2 3%
(|) (;3 2 1+ (”) QO 4 5 (|||) (;2 4 6=
&4 2 53 83 6 65 &3 6 9y

e2 1 3 40 € 2 3 49 ®2 1 3 49

(iv)go 11 2= (V)gz 4 6 8= (V,)go 1 1 2=
1 3 4 75 &1-2-2-45 &1-3-4-T4
a 3 4 30 )
(i) &3 9 12 9: (viii)éi 32 (i )Eege io
€1 3 4 3 2 2
2 Find the ranks of A+B and AB where
A 1 10 el -2 -1p
A= -3 4igdp=¢6 12 6:
8 -2 35 §5 10 55
)| Prove that the points (x,, y,), (X,, ¥,) and (X;, y,) are collinear
& Y 10
if the rank of the matrix ¢% % 1+isless than 3.
& % 15

4)  Show that the equations 2x +8y +5z = 5, X +y +z = -2,
X +2y - z = 2 are consistent and have unique solution.

24



5)

6)

8)

9)

10)
11)
12)
13)

14)

Show that the equations x- 3y -8z = - 10, X +y -4z = 0,
2x +5y +6z = 13 are consistent and have infinite sets of solution.
Test the system of equations 4x - 5y -2z = 2, 5 -4y +2z =- 2,
2x + 2y +8z = - 1 for consistency.

Show that the equations 4x - 2y = 3, 6x - 3y = 5 areinconsistent.

Show that the equations x + y +z= -3, X +y -2z = - 2,
2x +4y +7z = 7 are not consistent.
Show that the equations x +2y +2z =0, x -3y -3z = 0,

2X +y - z = O have no other solution other thanx =0,y =0and
z=0.

Show that the equations x +y -z =0, x -2y +z = 0,
3X + 6y - 5z =0 have non trivial solutions also.
Find k if the equations x +2y -3z = -2, X -y-2z = 1,

2x +3y - 5z = k are consistent.

Find k if theequationsx +y +z =1, X -y -z=4, x +5y +5z2=k
are inconsistent.

Find the value of k for the equations -3y +z = O,
X+2y -3z2=0, 4x -y + kz = 0 to have non trivia solutions.

Find k for which the equationsx +2y +3z = 0, & +3y +4z=0
and 7 +ky +9z = 0 have no non trivia solutions.

1.3 SOLUTION OF LINEAR EQUATIONS

1.3.1 Solution by Matrix method.

When [A|* O, the equations AX = B have the unique solution

given by X = A'1B.

Example 24

Solve using matricesthe equations 2x-y =3, bx+y =4.

Solution :

The equations can be written in matrix form as

& -loeexd _ aB9
lg&Yg &44
A X =B

25



Al = ’ =710
| |_ 5 1 -
\ The unique solution is given by

X =AlB
b ex6_ 1 &l 16890
v5~ 7 &5 284}
&X0 1 &*&70
p = = x
gy{a 7 §'72‘
&X0 e&lo
P = o \ x=1, y=-1
Eys B Y
Example 25

Solvethe equations 2x +8y +5z2=5, x +y+z=-2,
X +2y - z= 2 by using matrix method.

Solution :
The equations can be written in matrix form as

@ 8 5oy @50 ' cofactors
¢l 1 legys=c¢2e | 4(-12), -(-1-1), +(2-1)
& 2 -158z5 §25 | -(-8-10), +(-2-5), -(4-8)
A X = B +(85), -(25), +(2-9)
2 8 5
A] =1 1 1|=1510
1 2 -1
\ The unique solution is given by
X =A1B.
We now find A1,
®3 2 19
A, =8 -7 4%
§3 3 -64
&3 18 30
AL =¢2 -7 3%
§1 4 -64

26



Al %Atc—iEZ -7 3:
Al 15¢1 4 g

Now

a&X 0 ®3 18 30a50

gy;:l_lsgz 7 3igo2:

&z &1 4 -6;825

Po_ Ee B
p gyf—115<;30fie.,<;Yf:<;2f

&z5 &15; &z &1p
P x=-3, y=2 z=-1
Example 26

A woman invested different amountsat 8%, 8 % % and
9%, all at simpleinterest. Altogether sheinvested Rs. 40,000
and earns Rs. 3,455 per year.
invested at each rate if she has Rs. 4,000 more invested at

9% than at 8% ? Solve by using matrices.
Solution :

Let X, y, zbethe amountsin Rs. invested at 8%, 8% %and

9% respectively.

According to the problem,
X +y+ z= 40,000

xx8x1 35xyx1+9sz1
100 400 100

Z- x=4,000

X +y+z=40,000

32x +35y + 36z = 13,82,000

X- z=-4,000

= 3,455 and

The equations can be written in matrix form as

27
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a1 lo an)(o aa40,0009

¢ ¢ ¢ -
32 35 36_ ¢y+ = ¢13:82000-
§1 0 -1z &zy & -4,000 4
A X = B
1 1 1
IA|] =32 35 36/ =-210
1 0 -

\ The unique solution isgiven by X = A'1B
We now find A L. _
@35 68 - 35 cofactors
A, = €1 -2 11 | +(-35-0), -(-32-36), +(0-35)
1 -4 35 -(-1-0), +(-1-1), -(0-1)
®3b 1 10 +(36-35), -(36-32), +(35-32)
A= €68 -2 -4

$3% 1 35
Now,
23 1 196
A'lziAt :AEGS 2 -4
AT 2335 1 35
Now
a&X 0 6635 1 1oae400000
¢yiz - 1968 -2 - 45 41382,000;
$z5 335 1 Q,g 4,000 4
X 0 2e 22,0006
b gyiz_igzsooo_
Sz 5 2 ¢ 30,0005
X0 231,000 9
b &yi=d4000:
Szgy &5,0005

Hence the amounts invested at 8%, 8% % and 9% are
Rs. 11,000, Rs. 14,000 and Rs. 15,000 respectively.
28



1.3.2 Solution by Determinant method (Cramer’srule)
Let the equations be
ax+by+cz=d,
ax +by+c,z=d,
agx + by + ¢z = d;.

a b ¢ d b ¢
Let D=|a% b Gl , D, = d, b, ¢
a; by ¢ d; b, ¢
a d ¢ a b d
Dy: a, d, Gy, D, = a, b, d,
a, d; ¢ a, b d,
When D 0, the unique solution is given by
x:D—X, y:D_y,z:D—Z.
D D D
Example 27

Solve the equationsx +2y +5z = 23,
3X +y +4z = 26, 6X +y +7z = 47 by determinant method.

Solution :
The equations are

X +2y +5z = 23
3X +y +4z = 26
OX +y +7z2 = 47
1 2 5 23 2 5
D =3 1 4 =-610 DX:ZG 1 4 =_21
6 1 7 47 1 7
1 23 5 1 2 23
Dy =3 26 4 =_12 D, =13 1 26| =_18
6 47 7 6 1 47

By Cramer'srule
29



Dy -24 ) y _-1

\ X:T:_-6:4 : y = S :jzz
:D_Z:ﬁ: : = = =
z > 6 3 ;o P o x=4,y=2 2=3
Example 28

Solve the equations - 3y-1 = 0, 5 +2y-12 = 0 by
Cramer’srule.

Solution :
Theequationsare 2x - 3y=1, 5x+2y=12
2 -3 1 -
D = =19*0 ; D, = =38
5 2 X 12 2
2 1
D, —‘ =19 ;
y 5 12
By Cramer'srule
-Dbx - 38 _ :Dy -19 _
VXEgE g T2 YRS Tl
P x=2 y=1
Example 29

A salesman hasthefollowingrecord of salesduringthree
monthsfor threeitems A, B and C which havedifferent rates
of commission.

Months Sales of units Total commission

A B C drawn (in Rs))
January 90 100 20 800
February 130 50 40 900
March 60 100 30 850

Find out the rates of commission on the items A, B and C.
Solve by Cramer’srule.

Solution ;

Let X, yand z be the rates of commission in Rs. per unit for
A, B and C items respectively.
30



According to the problem,
90x +100y +20z = 800
130x +50y +40z = 900
60x +100y +30z = 850
Dividing each of the equations by 10 throughout,
9x +10y + 2z =80
13x + 5y +4z =90
6x + 10y + 3z =85

Now,
9 10 2 80 10 2
D =13 5 4=_17510: D, =190 5 4 =_.350
6 10 3 85 10 3
9 80 2 9 10 80
D - 13 90 = -700 ; DZ - 13 5 90| = -1925
g 6 8 3 6 10 85
By Cramer'srule
= Dx = ﬂ = = Dy :ﬂ:
VX =T o T2 Y T T
- D, _-1925 _
e i

Hence the rates of commission for A, B and C are Rs. 2,
Rs. 4 and Rs. 11 respectively.
EXERCISE 1.3
1)  Solve by matrix method the equations 2 +3y = 7, X +y = 5.

2)  Solve by matrix method the equations
X-2y+3z=1 X-y+4z=3, X+y-2z=-1

3)  Solveby Cramer’srulethe equations 6x -7y = 16, 9 - 5y = 35.

4)  Solve by determinant method the equations
2X+2y-z-1=0,x+y-z2=0,X+2y-3z=1.

5  Solveby Cramer'srule:x+y=2, y+z=6,z+x=4.
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6)

8)

9

Two types of radio valves A, B are available and two types of
radios P and Q are assembled in a small factory. The factory
uses 2 valves of type A and 3 valves of type B for the type of
radio P, and for the radio Q it uses 3 valves of type A and 4
valves of type B. If the number of valves of type A and B
used by the factory are 130 and 180 respectively, find out the
number of radios assembled. Use matrix method.

The cost of 2kg. of wheat and 1kg. of sugar isRs. 7. The cost
of 1kg. wheat and 1kg. of riceis Rs. 7. The cost of 3kg. of
wheat, 2kg. of sugar and 1kg. of riceis Rs. 17. Find the cost
of each per kg., using matrix method.

There are three commodities X, Y and Z which are bought
and sold by three dealers A, B andC. Dealer A purchases 2
units of X and 5 units of Z and sells 3 units of Y, dealer B
purchases 5 units of X, 2 units of Y and sells 7 units of Z and
dealer C purchases 3 units of Y, 1 unit of Z and sells 4 units of
X. Inthe process A earns Rs. 11 and C Rs. 5 but B loses
Rs. 12. Find the price of each of the commodities X, Y and Z,
by using determinants.

A company produces three products everyday. The total
production on a certain day is 45 tons. It is found that the
production of the third product exceeds the production of the
first product by 8 tons while the total production of the first
and third product is twice the production of second product.
Determine the production level of each product by using
Cramer’s rule.

1.4 STORING INFORMATION
We know that amatrix provides a convenient and compact

notation for representation of datawhich is capable of horizontal
and vertical divisons. Now we shall study the applications of
matricesin the study of (i) Relationson sets (ii) Directed routes

and (iii) Cryptography.

Let usfirst recall the concept of relations on sets studied in

earlier classes.
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Relation :

A relation Rfromaset A toaset B isasubset of the
cartesian product A x B. Thus R isaset of ordered pairs where
the first element comes from A and the second element comes
fromB. If (8 b)T Rwesaythat‘a’ isrelatedto ‘b’ and writea Rb.
If (@, b)| R,wesaythat‘a isnotreatedto‘'b and writeaRb. If
Risaredation from aset A to itself then we say that R isareation
on A.

For example,

LetA={2 34,6} andB ={4, 6, 9}

Let R betherdation from A to B defined by xRy if x
divides y exactly. Then

R={(2,4),(2,6),(3,6),(39), (4, 4), (6, 6)}
Inverserelation.

Let R beany redtionfromaset A toaset B. Thenthe
inverse of R, denoted by R*'istherelaionfrom B to A which
consists of those ordered pairswhich, when reversed, belongto R.
For example, the inverse of the relation R ={(1,y) (1, 2) (3, y)}
fromA={1,2,3}to B={x,y,2} is R'={(y, 1) (z, 1) (v, 3)}
fromB to A.

Composition of relations.

Let A, B and C besetsand let R be arelation from A to B
and let SbeardationfromBto C.i.e. R isasubset of A x B and
Sisasubset of Bx C. Then R and Sgiveriseto areation from
A to C denoted by RS and defined by

RS = {(a, ¢) / there exists bl B for which (a, b) T R and
(b, o)1 S}.

For example,
LeeA={1,2 3,4}, B={a b,c, dtand C={x,y, z} and
let R={(1,a),(2,d), (3, a), (3, b), (3, d}
and S={(b, x), (b, 2), (¢, ), (d, 2)}
Then ReS = {(2, 2), (3, X), (3, 2)}
33



Types of relations.

A reation R onaset A isreflexiveif aRa for every al A.
that is (@, @) | Rforeveryal A.

A relation R onasat A issymmetric if whenever aRb
then bRa that is, whenver (&, b) T Rthen (b, a) T R.

Arddion R onasst A istransitivejf WheneveraRde
bRc then aRc that is, whenever (@, b), (b,c) | R then(a, )| R.

A relation R isanequivalencerelationif R isreflexive,
symmetric and transitive.

For example, consder the following threerdlaionson A ={1, 2, 3}.
R={(1,1).(1,2),(13), (3 3)}
S={(1,1),(12),(21),(22),(3,3)}
T={(11).(12),(22),(23)}

R isnot reflexive, Sisreflexiveand T is not reflexive.
R is not symmetric, Sissymmetricand T isnot symmetric.
R istrangtive, S istrandtiveand T isnot transitive.

1.4.1 Relation matrices.

A matrix is a convenient way to represent arelation R from
XtoY. Such areation can be analysed by usng a computer.

We label the rows with the eements of X (in some arbitary
order) and we label the columns with the elements of Y (again in
some arbitary order). We then set the entry in row x and column y
to 1if xRy andto O otherwise. The matrix so obtained iscalled the
relation matrix for R.

Example 30

Find thereation matrix for therelation R from{2, 3, 4}
to {5, 6, 7, 8} where R isdefined by xRy if x divides y
exactly.
Solution :

R={(26).(28), (3 6), (4, 8)}
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The rdation marix for Ris

56 7 8

280 1 0 15

R:sgo 1 0 O

4% 0 0 1
Example 31

LetS={1,2,3,4}. Let R betherelationon S defined
by mRn if m<n. Writeout therelation matrix for R.

Solution :
R={(1,2),(123),(14),(273),(2 4, 3 4}
Therdation matrix for R is

12 34
13@ 11 1¢
R=2¢0 0 1 1:
350 0 0 1T
4%0 0 0 0y
Example 32
123
Given arelation matrix szai (1) 82 Writedown the
y (]

relation R in the form of a set of ordered pairs.

Solution :
R={(x, 1),y 1), (.2}
Matrix for inverserelation

If R isrelation matrix, then its transpose R represents the
inverse relation R1.

Example 33

Let A={0, 1, 2} Definearelation R on A by mRn if
mn = m. Find the relation matrix for R. Useit to find the
relation matrix for theinverserelation R1.

Solution :
R={(0,0),(0,1),(0,2), (1, 1), (2 1)}
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Rdation matrix for R is
01 2
0 1 1%
RZlgo 1 0=
2%0 1 0y
Relation matrix for Rl is
Rl =R
0

Oat
=14
28

Relation matrix for composition of relations.

The relation matrix for R, 0 R, isobtained by replacing each
non zero element in the matrix product R R, by 1.

2

00
1=
05

O B Ok

Example 34

Let R, bearelation from X ={1,2,3}toY ={a, b, ¢}
defined by R, ={(1, a), (2, b), (3, a), (3, b)} and let R, bethe
relation from Y to Z = {x, y, 7} defined by R, = {(a, x), (&, y),
(b, y). (b, 2)}.

Find the relation matrices for R and R, and using
them find therelation matrix for R, °R,,.

Solution :

a b c

led 0 08

The relation matrix for R, is Rlzzgo 1 0+

3&1 1 0y

Xy z

asd 1 00

The relation matrix for R, is Rzzbgo 1 1+

c¥ 0 0y

The matrix product R R, is
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d 006 106 & 1 06
RR,= 0 1 o: o 1 15 o 1 1:

§1 1 05 %0 0 05 &1 2 1y
Replacing each non zero element in R, R, by 1 we get,

X y z
lgd 1 09

(; 0
R,0R, =2¢0 1 1i
381 1 13

Type of arelation asrevealed by its matrix.

A relation R isreflexiveif itsmatrix hasonly 1's onthe main
diagondl.

A relation R issymmetric if its matrix is symmetric

That is,a].j :a].ifordl I J.

A relation R istrangtive if whenever the entry i, j in the
matrix product R isnon zero, theentry i,j inthe relation matrix
R isalso non zero.

Example 35

Given arelation R = {(a, a), (b, b), (c, ¢), (d, d), (b, ¢),
(c,b)}on A ={a, b, c, d}. Findthereation matrix for R and
using it identify the type of the relation.

Solution ;
The rdation matrix for R is
ab cd
aga 0 0 0%
R=b90 11 of
céo 1 1 0F
dgo 0 0 1y

The matrix has only 1's on the main diagona. Hence the
relation isreflexive.

The matrix is symmetric. Hence the relation is symmetric.
The matrix product.
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@l 0 0 05al 0 0 056 &l O 0 06
, €0 1 1 0Ido 1 1 0: ¢o 2 2 o-
R® =¢o 1 1 0¥S 1 1 0¥=60 2 2 of
€0 0 0 1580 o0 0 15 & o o 13

Whenever an entry in R2 is non zero, the corresponding entry
in R isasonon zero. Hence the relation is trangitive.

Thusthereation R isreflexive, symmetric and transitive and
hence an equivaence relation.

Example 36

Let R betherelationon S={1, 2, 3, 4} defined bymRn
if Im-n|<1. Find therelation matrix for R and usingit, identify
thetype of therelation.

Solution :

R={(11), (1 2),(21),(22),(23), (3 2),(33), (34,
(4, 3), (4,4)}

The rdlation matrix for R is
12 3 4
lgd 1 0 09
R=2¢1 1 1 0:
3¢50 1 1 17
4% 0 1 13

The matrix has only 1's on the main diagonad. Hence the
relation isreflexive.

The matrix is symmetric. Hencethe relation is symmetric.

1 0 0gal 1 0 05 a2 2 1 09
, €1 1 1 0:é1 1 1 0X ¢2 3 2 1=
R°=¢o 1 1 126 1 1 137¢1 2 3 2%

€0 0 1 158 o0 1 1; 0 1 2 23

Now a,, element in R is non zero buta, , dement in R is zero.

Hence the ralation is not transitive.
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1.4.2 Route Matrices.

A directed routeisaset of pointsP,, P,, .......... , P,caled
vertices together with a finite set of directed edges each of which
joins an ordered pair of distinct vertices. Thus the directed edge
P;; is different from the directed edge P;. There may be no
directed edge from avertex P, to any other vertex and may not be
any directed edge from any vertex to the vertex P. Also there can

be no loops and multiple directed edges joining any two vertices.

Each edge of adirected routeis called astage of length 1. A
path from the vertex B, to the vertex P isa sequence of directed
edgesfrom P, to P,. It should start from P, and end with P,, repetition
of any of the verticesincluding P, and PJ being alowed.

If there is a path from P to Fj we say that ﬁ is accessible
from B, or that P, hasaccessto P.

A directed route is said to be strongly connectedif for any
pair of vertices P, and Pl there is a path from P to R and a path
from F>J to B. Otherwise the route is said to be not strongly
connected.

A directed route is represented by itsroutematrix. If Gisa
directed route with ‘n’ vertices then the nx n matrix A where the
(i,]) thelement is 1if thereis adirected edge from P, to P and zero
otherwise is called the route matrix for the directed route G.

It isto be noted that the number of 1'sin the route matrix will
be equal to the number of edges in its route. Route matrices are
also relation matrices. The route matrices are square matrices
whereas the relation matrices need not be square matrices.

Path matrix of adirected route is the matrix P = {Pij} such that
_ 11, if thereis apath from P to P,
L %O, otherwise.
Example 37

Find the route matrix for each directed route given
below:
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(iii)

Solution :
P1
P a®
(i) R.éo
R&0

P

g

(iii) P,cO
P &L

Example 38

P3
Fig. 1.6

PZ P3
1 06
0 1+
0 0y
R R
1 1%
0 0:
0 Oy

3

R a®
(iv) B
P&l

Draw the directed route for

below :

R
P.®

o P
O

P

o O U
P O O

each route matrix given

O O O O O+~

R
1
0
0
0

1 06
0 0:
0 07
0 0
P, R
1 16
0 1:
0 0g

O Fr Pk O F PG
O OO O o o

P OokF O O ouU

R

09
0=
07



Solution :
0)

Fig. 1.8

Theorems on directed routes.
Six theorems (without proof) are stated below.

Theorem 1

If A isthe route matrix then thei, j th element in A’ isthe
number of ways in which P, has accessto P, inr stages

Theorem 2

If Aisthe route matrix then the sum of all the elementsin
the j th column of A is the number of ways in which P is
accessible by all individualsin r stages.

Theorem 3

If Aisthe route matrix then thei, j th element in A + A?
+ A%+ ... +Aisthe number of ways in which P, has access to
Pj in one, two, ... or r stages.

Theorem 4

If Aistheroute matrix then the sum of all the elementsin
thej thcolumnin A+ A2+ A®+ ... + A is the number of ways
in which P;is accessible by all individualsin one, two, ... or r
stages.

Theorem 5

A directed route with n vertices and having the route
matrix A is strongly connected if A+ A + A3+ ... +A" hasno
zero entries.
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Theorem 6

If there are n verticesin a route and A isits route matrix
then its path matrix is got by replacing each non zero element
inA+ A2+ A%+ . +Aby 1.

Now we shall have afew examplesillustrating the application
of these theorems.

Example 39
Consider the following directed route G.

(i) Find the route matrix of G.

(i)  Find the number of waysin which P, has accessto P;in
3 stages. Indicate the paths.

(i) Find the number of paths from P, to P, in 3 stages
Indicate the paths.

(iv) Find the number of waysin which P, can be accessed by
othersin 3 stages.

(v) Find the number of waysin which P, has accessto P in
one, two or three stages.

(vi) Find the number of waysin which P, can be accessed by
othersin 3 or less stages.

Solution :
()  Route matrix of Gis
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RRRPRRR
Pe® 1 1 10 0
RSO 0 0 1 1 1
A=RS0 1 0 1 1 17
ago 0100 1+
RSO 0 0 0 0 O
P6§o 01 01 0y
PR RPRRER R PR PP PRER
Ra® 1 1 2 2 3p P 1 5 2 5 4§
RO 0 2 0 1 1: RO 2 1 2 3 2
(ii) A2—P380 0 2 1 2 2jA3:P330 2 3 2 4 32
PO 1 1 1 2 1+ PO 1 2 2 3 3+
RSO 0 0 0 0 O RO 0 0 0 0 o
R&O 1 0 1 1 1 RO 0 2 1 2 25
P, has access to P, in 3 stagesin 5 ways.
The paths are,
P, P,P, P, P, P, PP, P, P, P, P;, PP, P, P;and
P, P; PgP;.
(if)  The number of paths from P, to P in 3 stages is 5.
The paths are,
P, P,Ps Pe, P, P, PP, P, P, P, P, PP, P, P. and
P, P, P,P
(iv)  The number of waysin which P, can be accessed by others
in3stages=4+2+3+3+0=12
RRPRPRRR
Raed 3 7 5 7 7o
REO 2 3 3 5 4
(v) A+A2+A3:PBgO 35 47 6
PcO 2 4 3 5 5+
RS0 0 0 0 0 O]
Fgéo 1 3 2 4 34

P, has access to P, in one, two, or three stagesin 7 ways.
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(vi)  The number of waysin which P, can be accessed by others
in3orlessstages=7+4+6+5+0=22

Example 40

Show, by using theroute matrix and itspower s, that the

directed route G given below is strongly connected.

P4

20
1+
17

1y

N P N w0

R R N NGO

F)l
P2 Ps
\>/
Solution : Fig. 1.11
The route matrix of G is
R R R PR
Pe® 1 0 1o
A= ngo 0 1 1:
RO 0 0 1T
R& 0 0 o
Since there are 4 vertices, let usfind A + A2 + A3 +A4,
R R R PR R R PR
Plgé 0 1 1% Plgé 10
AZ= R 0 0 1T A3_P291 10
R4 0 o0 o R 1 0
P4§) 1 0 1z P4§1 0 1
R R PREPR R
Plga 11 2 Plgé
L S S R SV R
R4 0 1 1 R%
P& 10 7 P&

There is no zero entry in this matrix

\  Gisstrongly connected.
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Example 41
Given adirected route:

v, > v,
N
v, R v,
Fig. 1.12

Find theroutematrix of G and using its power sexamine
whether G is strongly connected.

Solution ;
Route matrix of G is
vV, V, V, V,
Vi@ 0 0 1
Va0 1 L
A= N
Va4 0 0 1
v4§1 0 1 O
Since there are 4 vertices, let usfind A + A2 + A3+ A4,
V, V, V, V, V, V, V, V,
Vi@ 0 1 09 V,g¢ 0 0 2
, VM@ 01 22 . V8 0 2 &
A = - A°= -
Vg 0 117 V,2 0 1 2
v4§10025 v4§02 15
vV, V, V, V,
vlga 0 2 1p
A4:V2(;5 0 3 5
V., 0 2 3T
v4§3 0 1 4
vV, V, V, V,
V, ot 4

Thereiszero entry in thismatrix. Hence G is not strongly connected.
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Example 42
Show that the directed route G with route matrix

Pl P2 P3
Pa® 1 106
A= zgo 0 1- isstrongly connected.
P,&1 0 0
Solution:
Since there are 3 vertices, we find A + A2 + A3,
R R R R RR
Pd 0 15 Pa 1 15
A2=pd 0 0., A3=pd 1 1
R 1 1 RY 0 1
R R R
Pa 2 30
\ A+AZ+A3= R 1 2:
R& 1 25

Thereisno zero entry inthismatrix.\  Gisstrongly connected.

Example 43

Find the path matrix of the directed route given below
by using the power s of itsroute matrix.

V; A
Solution : \\/ .
Fig. 1.13

The route matrix is \Z

vV, V, V, V,
Vlg@ 1 0 19
A = V,cf0 0 1 l—
v, 1 0 1
v4§o 1 0 Oy
Since there are 4 vertices, let usfind A + A2 + A3+ A%,
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V, V, V, V, V, V, V,
vlge 11 1 Vlg@ 2 1 2
Az= V2@ 2 0 I g Vo0 1 2 2:
v, 1 1 1o’ ;0 2 1 2%
v4§) 0 1 14 V,&80 2 0 1
v, V, V, Vv, V, V, V,
vlgg 3.2 3% Vlg@ 7 4 7%
;0 3 2 3T ;0 7 4 T
v4§o 1 2 2 v4§.o 4 3 45
Replacing each non zero entry by 1, we get the path matrix
v, V, V; V,
Vlg@ 11 15
I:):vz(;o 11 1
V,60 1 1 1D
v4§o 11 13
Example 44
Theroute matrix of adirected route G is
V, V, V, V,
Vlg@ 1 1 1%
A_vzgo 0 1 0

“Vv,% 0 0 1l
v, 1 0 Oy
Find the path matrix of G without using the powers of A.
Solution :
The directed route G is




The path matrix is written directly from G.

ViV,

vlgé 1
p=Ved 1
V,9 1
1

v.é

1.4.3 Cryptography

Vs

1

1
1
1

15

Cryptography is the study of coding and decoding secret
messages. A non singular matrix can be effectively used for this.
The following example illustrates the method.

Example 45

Using the substitution scheme,
1 2 3 4 5

8 9
trtT 11111111
A B CDETFGHI J

14 15 16 17 18

! 1 1 1 1
N OP Q R

and the matrix A = g‘g

6

7 10 11 1213
1 11
K LM

19 20 21 22 23 24 2526

!
S

39
15

tr1 11111
T UV WX YZ

(i) Codethe message: HARD WORK and
(i) Decodethe message: 98, 39, 125, 49, 80, 31

Solution :

()  Using the substitution scheme,
H A RDWOR K
8 1 18 4 23 1518 11

Grouping them,
80 a806 a230 480

fio B bso B
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Applying the transformation AX = B,
30 &8 o _a&B o

15 815 &7 5

& T8

39 ad89: aéOZg
15 845 £

@ED
N

30 a30_ 23606
15 8155 Ee1

& T8

36 a8 0_ 4230
2 1y §11§_ §47,+3

oD

The coded message is

43, 17, 102, 40, 160, 61, 123, 47
(i) 98, 39, 125, 49, 80, 31

Grouping them,

8o 24250 a800

§205 §a0 5 Ba
Now solve for AX = B.

A 121l 390
\X—AlB,WhereAl—g2 5
m1 30 g8 o _ @90
€2 55835 £15
@l 362 0_ 229
€2 558205 &5
*el 39&3809:%139
§2 -s58a 5 E5 5

Hence we have

19,1, 22,5,13,5
Using the substitution scheme, the message decoded is
SAVEME
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Note

When a 2 x 2 non singular matrix is used, we group the
numbersin twosin order. If anumber isleft out without being paired,
we can include one extraneous number of our own asthelast number
and ignore its decoding, when the processis over. Whena3x 3
matrix is used we group the numbers in threes in order. If need be
one or two extraneous numbers may be included and dispensed
with when the process is over.

EXERCISE 14

1 Find the relation matrix for the relation R from {2, 5, 8, 9} to
{6, 8,9, 12} defined by x Ry if x dividesy exactly.

2 Let S={2, 4, 6, 9} and R bethereation on Sdefinedby mR n
if m>n. Write out the relation matrix for R.

Il m
axl 006
3  Giventherdation matrix R= b g0 1
c&0 1
Write the relation R in the form of a set of ordered pairs.
a b
agl 00
. . . beo 1-:
4)  Giventherelation matrix R=_ ¢ 0%
a1 13

Write down the matrix for the inverse relation R 1.

5) Let R be the relation from X ={ 3, 5, 9} to Y= {4, 3, 8}
defined by xRy if x + y>10. Let SbetherelationfromY toZ
={1, 2, 5} defined by ySz ify <z Find the relation matrices
for R, Sand ReS.

6) Find the relation matrix for the relation.
R={(1 1), (2, 2, (3, 3), (4, 9} on{1,2,3,4}.
Use it to identify the type of the relation.
7) Find the relation matrix for the relation
R={(1, 1), (2, 2), (3, 3), (4, 4, (1, 2} on{1,2, 3, 4}.
Using it, decide the type of the relation.
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8)

9

10)

11)

Find the relation matrix for the relation

R={(2, 2), (3 3), (4, 4, (1, 2} on{1, 2, 3, 4}.
Using it, decide the nature of the relation.

Find the relation matrix for the relation

R={(, 2), (2, 3)} on{1, 2, 3, 4}.

Using it, identify the type of the relation.

Find the route matrix for each of the directed routes :

. .. P
() \P, P, (i) 3
P, eP,
- Fig. 1.16
P/ Fig. 115 5 9
3 Pl
(iv)
P, A
Fig. 1.17 Fig. 1.18
P3

V

v, )

/Vl\
V2\</V4
V.

Fig. 1.19 Fig.1.20 '3

Draw the directed route for each of the following route matrices

vV, V, V, V,
PP R V,;® 1 1 0

R#® 1 1o ¢ -

. ¢ r . V,d0 0 0 0
(i) A=Rc¢l 0 1+ (ii) -
ni 0 O V,;%1 1 0 o

3 2 v4§1 0 0 O



A B CD
Ag@ 01 08

: . _B& 0 0 0:

12) leentheroutemattrlxM—C(;0 10 1%
D§1 1 0 0Oy

for adirected route G. Using the powers of M, find the number
of paths from C to A with at most three stages. Indicate the

paths.
13) Giventhe directed route G :
X Y
z < w
Fig. 1.21

(i)  Find the route matrix of G.

(i)  Find whether G is strongly connected, by using the
powers of the route matirx.

(i)  Find the path matrix of G.
14) Given the following directed route G :
v, \Y

vV > < \Y
Fig. 1.22
(i)  Find the route matrix of G.

(i)  Find the number of paths of length 3 from V, to V..
Indicate them.

(i)  Find the number of paths of length 4 from V, to V,.
Indicate them.

(iv)  Find the number of paths from V, to V, of length 3 or
less. Indicate them.

52



15)

16)

17)

18)

(v)  Find the number of ways in which V, can be accessed
by othersin one, two or three stages.

(vi) Is G strongly connected?
(vii) Find the path matrix of G.
Given adirected route G :

\Y

2
Vl/\\\\,s
\;/
Fig. 1.23

Find the route matrix of G and using its powers show that G is
not strongly connected.

Given the route matrix for adirected route G :

PP R PR
Ra® 1 0 1o
ngo 0 1 O0:

0=+ .
- Show that G is strongly connected.
RS 0 0 O

PREl 0 1 og
Given the directed route G :

Py
P, P,

Fig. 1.24

Find the route matrix and using its powers, find the path matrix.
The route matrix of a directed route G is
v, V, V, V,

V,;d®@ 1 0 05
VO 0 1 o:
“Vv,% 1 0 of

v4§1 1 1 0p
Find its path matrix without using the powers of A.

A
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19) Given adirected route G :

\'A > v,
A 4 vy
V, > v,
Fig. 1.25

Find its route and path matrices.
20) Using the substitution scheme,

1 2 3 4 5 6 7 8 9 10 11 1213
A
A B C D E F G H I J K L M
14 15 16 17 18 19 20 21 22 23 24 2526
A
N O P QR S T UV WX YZ
&3 1%
and the matrix A = gz 1;

(i)  Code the message : CONSUMER and
(i)  Decode the message : 68, 48, 81, 60, 61, 42, 28, 27.

1.5 INPUT - OUTPUT ANALYSIS

Consider asmpleeconomic model consisting of two industries
A, and A,, where each produces only onetype of product. Assume
that each industry consumes part of its own output and rest from
the other industry for its operation. The industries are thus
interdependent. Further assume that whatever is produced is
consumed. That isthe total output of each industry must be such as
to meet its own demand, the demand of the other industry and the
externa demand that is the fina demand.

Our aim is to determine the output levels of each of the two
industries in order to meet a change in final demand, based on a
knowledge of the current outputs of the two industries, of course
under the assumption that the structure of the economy does not
change.
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Leta j be the rupee value of the output of A consumed by
Aj, i,j=1,2

Let x, and X, be the rupee value of the current outputs of A,
and A, respectively.

Let d, and d, be the rupee value of the final demands for the
outputs of A, and A, respectively.
These assumptions lead us to frame the two equations

all-l-alZ-l-dl:Xl }

Byt td=x S T W
Leth, = %,i,jzl,z
]
Thet is
- & -4 - % - %
bll_f’bﬂ_zz’bﬂ_f’ bzz_zz'

Then equations (1) take the form
bll Xl + b12 X2 + d1 = Xl

b21 X, * bzz X, + dz =X,
These can be rearranged as
(1' b11) X b12 X, = d1
- b21 X+ (1' bzz) X, = dz
This takes the matrix form
é'kll 'ngaeigz 33119
g' Ql 1- Qzé ngB gdzé
Thatis (I- B)X = D

ap, b,0 2% 0 E2No)
Where B = =, X=¢g zandD=¢ =
e gbm bzzﬂ gngan gdzﬂ
Solving this
X=(-B)!D.

The matrix B is known as thetechnology matrix.
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Hawkins - Simon conditions ensure the viability of the system.

If B is the technology matrix then Hawkins- Simon conditions are
() themaindiagona eementsin |- B must be positiveand
(i) |I - B| must be positive.

Example 46

The data below are about an economy of two industries
P and Q. Thevaluesarein lakhs of rupees.

Producer | User Final Demand | Total Output
P | Q
P 16 | 12 12 40
Q |12 8 4 24

Find thetechnology matrix and test whether the system
isviable as per Hawkins - Simon conditions.

Solution :
With the usud notation we have,
a,, =16, a,=12, X, =40
a21 :12’ a'zz =9 2 24
Now

1--
& 10
22
Bzgg i~
10 39
1 3 1.
g 0¢ o 20 &5 -30
b= =7 €3 17" 3 2=
fo 1 0 30 610 30

The main diagona elementsin 1- B viz, 3
positive. Also
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3 _1
5 2
- Bl=| 5

10 3
\ Thetwo Hawkins - Simon conditions are satisfied. Hence
the system isviable.

= % . |I - BJispositive,

Example 47

In an economy therearetwoindustriesP and Q and the
followingtable givesthe supply and demand positionsin crores
of rupees.

Producer | User Final Demand | Total Output
P11 Q
P 10 | 25 15 50
Q |20 | 30 10 60

Determine the outputs when the final demand changes
to35for P and 42 for Q.

Solution :

With the usua notation we have,
a,=10,a,=25 X, =50
a,=20,a,=30 X, =60

Now,

27 x 50 5 60 2
\ The technology matrix is
@ 50
_ 125
B ‘gg i+
5 20 5 . 4 5 ..
I-B _ &l 09 % EQ_aeﬁ '1_29
} - =" 62 1=~ € 2 1=
g0 15 g@ 20 g'% 20



( B)lz%é% ?g=@§ ?g=l§§ i
0 & sg & sg 25
X =(I-B)1D
_ 1 & P03 ¢ 5an50 _ ad%0 6
-7 24,5%42 : élz 245865 fauj

The output of the industry P should be Rs.150 crores and

that of Q should be Rs. 204 crores.

D

2)

3

4)

EXERCISE 1.5
The technology matrix of an economic system of two industries

l .
& 10
is éz : *. Test whether the systemisviable as per Hawkins
5 30
Simon conditions.

The technology matrix of an economic system of two industries

9 I
100
is g 1;: Test whether the system isviable as per Hawkins
s 50
Simon conditions.
The technology matrix of an economic system of two industries
& 30
is §7 3 = Find the output levels when the final demand
10 5 ﬂ
changes to 34 and 51 units.

The data below are about an economy of two industries P and
Q. Thevalues are in millions of rupees.

Producer User Final Demand Total Output
P |1 Q

P |14 | 6 8 28
Q 7 | 18 1 36

Determine the outputs if the final demand changes to 20 for P
and 30 for Q.
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6)

8)

Suppose the inter-relationship between the production of two
industries P and Q in ayear (in lakhs of rupees) is

Producer User Final Demand Total Output
P |1 Q
P 15 | 10 10 35
Q 2 | 30 15 65

Find the outputs when the final demand changes to
(i) 12 for Pand 18 for Q (ii) 8 for P and 12 for Q.

In an economy of two industries P and Q the following table
gives the supply and demand positions in millions of rupees.

Producer User Final Demand Total Output
P 1 Q
P 16 | 20 4 40
Q 8 | 40 32 80

Find the outputs when the final demand changes to 18 for P
and 44 for Q.

The data below are about an economy of two industries P and
Q. Thevalues are in crores of rupees.

Producer User Final Demand Total Output
P 1 Q
P 50 75 75 200
Q [100 | 50 50 200

Find the outputs when the final demand changes to 300 for P
and 600 for Q.

Theinter - relationship between the production of two industries
P and Q in crores of rupees is given below.

Producer User Total Output
P| Q

P | 300 | 800 2,400
Q |600 | 200 4,000
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If the level of final demand for the output of the two industries
is 5,000 for P and 4,000 for Q, a what level of output should
the two industries operate?

1.6 TRANSITION PROBABILITY MATRICES

These are matrices in which the individual elements are the
probabilities of transition from one state to another of an event.
The probabilities of the various changes applied to the initid state
by matrix multiplication gives a forecast of the succeeding State.
The following examples illustrate the method.

Example 48

Two products A and B currently share the market with
shares 60% and 40 % each respectively. Each week some
brand switching takes place. Of those who bought A the
previous week, 70% buy it again whereas 30% switch over
to B. Of those who bought B the previous week, 80% buy it
again whereas 20% switch over to A. Find their shares after
one week and after two weeks. If the price war continues,
when is the equilibrium reached?

Solution :
Transition Probability matrix
A B
_ A®.7 0.3
Bgo.z 0.8

Shares after one week
A B

AB A7 0.3 _
(06 04 Bgoz 0.8, = (a5 09

A = 50%, B = 50%
Shares after two weeks
A B Aag\ 7 oBao
(05 0s) Bgo 2 0.8

A = 45%, B = 55%
60

A B
= (045 055



Equilibrium
At equilibrium we must have
(A BT =(A B) whereA+B =1

6.7 036
P (AB &, gg; =(AB)
b 07A+02B =A

b 07A+02(1-A) =A
Smplifying, weget A =04

\  Equilibrium is reached when A’s share is 40% and B’s
shareis 60%

Example 49

A new transit system hasjust gone into operation in a
city. Of those who usethetransit system thisyear, 10% will
switch over to using their own car next year and 90% will
continue to use the transit system. Of those who use their
carsthisyear, 80% will continue to use their cars next year
and 20% will switch over to thetransit system. Supposethe
population of the city remains constant and that 50% of the
commutersusethetransit system and 50% of thecommuters
usetheir own car thisyear,

(i) what percent of commuters will be using the transit
system after one year?

(i) what percent of commuters will be using the transit
system in thelong run?

Solution ;

Transition Probability Matrix
S C
T=S09 01
co.2 0.8,
Percentage after one year
S C

s C . A B
(05 05 igg'g 8';’%5: (055 0.45)
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S=55%, C=45%

Equilibriumwill be reached in the long run.

At equilibrium we must have

(SOT=(S 0O whereS+C=1
a®9 016 _

b (S C €02 085 (SO

P 0.95+0.2C=S

b 0.9S+0.2(1-S) =S

Simplifying, we get S=0.67

\ 67% of the commuters will be using the transit system in

the long run.

D

2)

3

EXERCISE 1.6

Two products P and Q share the market currently with shares
70% and 30% each respectively. Each week some brand
switching takes place. Of those who bought P the previous
week, 80% buy it again whereas 20% switch over to Q. Of
those who bought Q the previous week, 40% buy it again
whereas 60% switch over to P. Find their shares after two
weeks. |If the price war continues, when is the equilibrium
reached?

The subscription department of a magazine sends out a letter
to a large mailing list inviting subscriptions for the magazine.
Some of the people receiving this letter already subscribe to
the magazine while others do not. From this mailing list, 60%
of those who already subscribe will subscribe again while 25%
of those who do not now subscribe will subscribe. On the last
letter it was found that 40% of those receiving it ordered a
subscription. What percent of those receiving the current |etter
can be expected to order a subscription?

Two newspapers A and B are published inacity. Their present
market shares are 15% for A and 85% for B. Of those who
bought A the previous year, 65% continue to buy it again while
35% switch over to B. Of those who bought B the previous
year, 55% buy it again and 45% switch over to A. Find their
market shares after two years.
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EXERCISE 1.7

Choose the correct answer

D

2)

3

4)

6)

If the minor of a , equals the cofactor of a, in [ J.| then the
minor of a,, is

(@) 1 (b) 2 (c) 0 (d) 3

- 20 .
The Adjoint of ?2) 0% is
o

&2 00 ,,20 -2, @ 0o, a 20
(a Eo 2Iia(b)g_2 OE(C) 0 12i,(d) 2 05
&l 0 06
The Adjoint of 0 1 0= is
S0 0 1y
@l 0 0% g% 0 006
(8) 0 -1 o () 0 % 0%
S0 0 -1 © o i,
& 0 0¢ a@ 0 0p
(©) €0 1 o: (d) 0 2 of
S0 0 1y S0 0 24

If AB =BA =|A]|l thenthe matrix B is
(a) the inverse of A (b) the transpose of A
(c) the Adjoint of A (d) 2A

If A isasguare matrix of order 3 then |AdjA| is

(@ |AF  (b) |A] (c) |AF (d) [AF
If |A| = O then |AdA| is
(@0 (b) 1 (c)-1 (d) #1
The inverse of gg ég is
a

@ 2 of 2

&2 o 6 o

a® -390 & 06
(C)é% 13 (d) €0 23



8)

9

10)

11)
12)
13)
14)

15)

16)

17)

208 060 1
If A= goeo_thenA is

()anS 060()3@8 060()3@.8 060 (d)ad).Z 046
%os 085 gos 085 go.ﬁ 085 §-0.4 02
For what value of k the matrix A,

k 6 .
where A = gzg 2 has no inverse?

Sg
3 10

@3 BF  (©3 (d) 10

2 3 1¢
IfA=¢3 4 l:thenAtAis

&3 7 24
(@0 (b) A (©1 (d) A%
The rank of an nxn matrix each of whose elementsis 1is
@1 (b) 2 (©n (d) n?
The rank of an nxn matrix each of whose elementsis2is
@1 (b) 2 ©n (d) ¢
The rank of a zero matrix is
(@0 (b) 1 (©-1 (d) ¥
The rank of anon singular matrix of order nxn is
@n (b) r? (©0 (d1
A system of linear homogeneous equations has at |east
(a) one solution (b) two solutions
(c) three solutions (d) four solutions

The equations AX = B can be solved by Cramer’ s rule only
when
(@IA[=0 (b)|A[* 0 (c)A=B (dA'B

Xy
Theinverse of therelation 22 19 s
b€ o}
a b Xy a b X Yy
X 10 aae0 16 xa®d 00 ag 09
a z d
() 05()b§1 og()ygl 1g()b§o 0y
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a b

18) TherdaionR=22 1¢is
b &1

19)

20)

Og
(a) Reflexive (b) Symmetric
(c) Trangdtitve (d) Reflexive and symmetric

The number of Hawkins - Simon conditions for the viability
of an input - output mode! is

@1 (b) 3 (c) 4 (d)2
A B
If T= AR 0 0 s a transition probability matrix, then the
B&x 08y
vaueof x is

(@03 (b)0.2 (c) 0.3 (d) 0.7
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ANALYTICAL GEOMETRY 2

2.1 CONICS

I nter sections of cone by a plane

The parabola, ellipse and hyperbolaare all membersof aclass
of curves called conics.

The above three curves can be obtained by cutting a cone
with a plane and so they are called conics (Fig. 2.1).

Hyperbola

Fig.2.1

A conicisthe locus of a point which moves in a plane such
that its distance from a fixed point in the plane bears a constant
ratio to its distance from afixed straight line in that plane.

Focus, Directrix, Eccentricity: Inthe above definition of a
conic, the fixed point is called thefocus, the fixed line thedir ectrix
and the constant ratio, the eccentricity of the conic.

The eccentricity is usually denoted by the letter ‘€.
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IntheFig. 2.2, Sisthefocus, theline LM isthedirectrix and

P _e 1Y .
. PM / P
The conicis
aparabolaif e= 1, ] S (focus)
andlipseife<land
ahyperbolaif e> 1. directrix
2.1.1 Thegeneral equation of a conic Fig2.2

We know that a conic isthe locus of a point moving such that
its distance from the focus bears a constant ratio to its distance
from the directrix.

Let the focus be S(x,, y,) and the directrix be Ax + By +C =0

Let the eccentricity of the conic be e and P(x, y) be any
point on it.

Then SP= (x- x ) +(y- v,
Perpendicular distance of Pfrom Ax + By +C=0 is

BM Ax+By+C
= + T
— /A2+BZ
£,
PM
5 VO X) (- y)*
+ Ax+By+C -
— Jas?

_ L &(Ax+By+C)’U
or (X-X1)2+(y- y]_)z_ez.ee. (A2+BZ) H

Simplifying, we get an equation of the second degree in
x and y of the form
ax?2+ 2hxy+by?+2gx + 2fy +c=0
Thisis the general equation of a conic.
Remarks:
ax? + 2hxy + by? + 2gx + 2fy + ¢ = O represents,
(i) apair of graight linesif abc + 2fgh - af2- bg?- ch?=0
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(i) acrdeifa=bandh=0
If the above two conditions are not satisfied, then
ax? + 2hxy + by? + 2gx + 2fy + ¢ = O represents,

(i) aparabolaif hz- ab=0
(iv) andlipseifh?- ab<0
(v) ahyperbolaif h?- ab >0
Example 1

Theequation 4x% + 4xy + y? + 4x + 32y + 16 = 0
represents a conic. ldentify the conic.

Solution :

Comparing the given eguation,

4x2 + 4Axy + y? + 4x + 32y + 16 = 0 with the genera second
degree equationinx and y

ax? + 2hxy+by? + 2gx + 2fy + c=0
we get

a=4,2h=4,b=1

\ b -ab=(272- 4(1)=0

\ The given conic is a parabola.
Example 2

I dentify the conic represented by
16x? + 25y? - 118x - 150y - 534 = 0.

Solution:

Here, a=16,2h=0,b=25
\ h?-ab=0- 16x25=-400<0
\ Theconicisan dlipse.

EXERCISE 2.1
Identify the conics represented by the following equations:
1) x2-6xy+9?+26x-38+49=0
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2 T+ 12xy - 2y?+22x + 16y -7 =0

3 T+ Xy + N -60x- 4y+44=0
2.2 PARABOLA

2.2.1 Standard Equation of parabola

D
M —— P(xy)
a
Al 0 NS
o
1
@®©
E2
D’

Fig. 2.5
Let S be the focus and the line DD¢be the directrix. Draw
SA perpendicular to DD¢cutting DD¢at A. Let SA = 2a. Take
AS as the x axis and Oy perpendicular to AS through the middie
point O of AS asthey axis.

Then Sis (a,0) and the directrix DD¢isthelinex + a = 0.

Let P(x,y) be any point on the parabola. Draw PM ~ DD¢
and PN Ox

PM = NA=NO+OA=x +a.
SP2 = (Xx- ap+y?
Then % =e [Pisapoint on the parabolal

or, SP =¢&(PM)?
o, (X-apP+y? =(x+a)3 (Ee=1)
or, y? = 4ax
This is the standard equation of the parabola.
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Note

(i) Inany parabolathe line which passes through the focus and
Is perpendicular to the directrix is called the axis of the
parabola, and the point of intersection of the curve and its
axisis caled thevertex.

(i) The chord which passes through the focus and is
perpendicular to the axis is called the latus rectum.

2.2.2 Tracing of the parabola y? = 4ax
1) (a) Puttingy =0, theonly value of x we get is zero.
\ Thecurve cutsthex - axisat (0,0) only.
(b) Ifx<0,yisimaginary. Hencethe curve does not exist
for negative vaues of x.

(c) Theequation of the parabolaisunalteredif y isreplaced
by - y. Hence the curve is symmetrical about x -axis.

(d) Asxincreases,yalsoincreases. Asx® ¥,y® +¥.
Hencethe curve diverges and assumesthe form as shown

inFig. 2.4.
D y
P

M —_— -

H L

(@] X

A S N

D¢

Fig. 2.4

2) Directrix : Thedirectrix isaline pardld to they -axisand its
equationisx=-a or, x+a =0.

3) Thex -axisistheaxis of the parabola and they -axisisthe
tangent at the vertex.
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4)  Latusrectum: Through S, LSL¢be drawn ™ to AS.
o, y=+2a

Corresponding tox = a, y? = 4&?

\ SL =SL¢=2a.

So, LL¢=4a. LL iscaledLatusrectum of the parabola.
SL (or SL¢ isthe Semi - latus rectum.
OS= 2 LLt=a

y? = -4ax

X? = 4ay

o
T

X2 = -4ay

Note

Fig. 2.5

InFig 2.5, y? = - 4ax is a parabola which lies only on the
negative side of thex -axis. x2 = 4ay isa parabolawhose axis of
symmetry isthey -axisand it lies on the positive side of y -axis.
X? = - 4ay lies on the negative side of y -axis.

Equation |y?=4ax | y?*=-4ax | x?=4day | x2=-4ay

Focus (a,0) (-a, 0) (0,8 (0,-a)

Vertex (0,0) (0,0) (0,0) (0,0)

Directrix X=-a X=a y=-a y=a

Latus rectum|4a 4a 4a 4a

AXxis y=0 y=0 x=0 x=0
Example 3

Find the equation of the parabolawhose focusisthe point
(2, 1) and whose directrix isthe straight line2x +y+1=0

Solution :

Let P (X, y) be apoint on the parabola.
If PM is drawn perpendicular to the directrix,
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=P _ - 1 where Sis the focus of the parabola.

PM
\ SP? = PM?
.2
Rx+y+10
or, X-2P+(({y-1?2 = ¢———=
AU e
2
X2-4x+4+y2-2y+1:w

5x% + By? - 20x - 10y + 25 = 4x* +y? +1 +4xy +2y +4X
X2 - 4AXy + 4y? - 24x - 12y + 24 = 0.
Thisis the required equation.
Example 4

Find the focus, latus rectum, vertex and directrix of the
parabolay?- 8x - 2y+ 17 =0.

Solution :
The given equation can be written as
y?2- 2y =8x- 17
y2- 2y+1 = 8- 16  (completing the square)
(y- 17 = 8(x- 2
Changing the origin to the point (2,1) by puttingy - 1=,
X - 2 =X, the equation of the parabolais Y? = 8X.

\ Thevertex isthe new origin and latus rectumis 8. So focus
isthe point (2,0) in the new coordinates.

So, with respect to the original axes the focusisthe point (4,1)
and the directrix isthelineX +2=0

o, X-2+2=0 o x=0
Thevertex is(X=0,Y=0)=xx=2,y=1)=(2,1)
Example5

Find thevertex, focus, axis, directrix and length of semi-
latus rectum of the parabola 4y? + 12x - 20y + 67 =0
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Solution :

4y + 12x - 20y+67=0

or

+25. é}_

afy- sy 3

422/__9 )

A(y- > )2

= -3 =
To bring it to theform Y2 =

set

We now tabulate the results.

4y? - 20y =- 12x- 67
which can be rearranged and written as 4(y? -

12x - 67

-12x - 67
25- 12x - 67
-12 (x+4)
3(-x-4)

daX,

— 7 — 5
X—-X-E andY = y- 5
We now get Y2 =3X. Hereda=3andso a=

Mlw

5y) =-12x-

67

Referred to (x, y)
Referred to (X, Y) x=-X - 7 L y= Y+—
e ég_ e 7 50
Vertex (0,0) @ 50+ 30=€ 5.3
Axis Y=0 (X -axis) g =0or y:g
- (3 e 3.7 0+50_@ 1l 50
Focus @ 0=(3.0 §4 50+ 3 0=8 .30
irectri ] =23 .13 =_1
Directrix X=-ai.eX 7 X 5 =7 or X 7
- —5,3-3 3
Semi latus rectum 2a = 2 x i 5

Note

We could also have taken a transformation X = x +§
=y- % so that we would have got Y? =

andY
it with y? = - 4ax
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Example 6
The average cost y of a monthly output x kgs. of afirm

producing a metal is Rs. (1% x? - 3x + 50). Show that the

average variable cost curve is a parabola. Find the output
and average cost at the vertex of the parabola.

Solution:
The average variable cost curveis

y = %xz - 3x+50
10y =x?- 30x + 500
10y = (x- 15)?+ 275

(x-15)2 =10y - 275

(x-15)2 = 10(y - 27.5)

X2 =10Y where

X =x-15,Y =y- 27.5and

4a=10 b a=25

Thus we get the average variable cost curve as a parabola
whose vertex is(X =0, Y =0)

or (x=15y=275)

or (15, 27.5)

Hence the output and average cost at the vertex are 15
kgs. and Rs. 27.50 respectively.
Example 7

The supply of a commodity isrelated to the price by the
relation x =5./2p - 10 . Showthat thesupply curveisaparabola.
Find its vertex and the price below which supply is0?
Solution:

The supply price relation is given by,
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x2=25(2p- 10) P x2=50 (p- 5)
P X?=4aP where X =x p
and P=p-5
\ the supply curveis aparabola
whose vertex is(X =0, P=0)

b (x=0,p=5) b (0,5) s X
and supply is zero below p = 5.

05

Fig.2.6
Example 8

Thegirder of railway bridgeisa parabolawith itsvertex
at the highest point, which is 15 metres above the span of

length 150 metres. Find its height 30 metres from the mid
point.

Solution : J©9 =
Let the parabolabey” = 4ax. | | 9 o | Ay
This passes through (15,75) (+15, -75) (15, 75)
P (757 = 4a(15) —— @
4da = (7155)2 =375 X
Fig.2.7

Hence the parabolais y? = 375x
Now B (X, 30) lies on the parabola
P 375x =30

_900 _12
o X=375 =5

Required height = 2.4m

=24

Example 9

The profit Rs. y accumulated in lakhs in x months is
given by y = -4x? +28x-40. Find the best time to end the
pr oj ect.
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Solution :

2

3

4)

Note

4x2- 28x =-40-y
4(x2- 7x) =-40-y

49
4(x2 - 7x+7):-40- y+49

7 1
x-35) =70y
7 1
x-5)2=-70-9
Required time = % = 3% months
EXERCISE 2.2

Find the equations of the parabolas with the following foci and
directrices:

@ (1,2);x+y-2=0 M@ -)x-y=0

(c) (0,0);x-2y+2=0 (d)(34),x-y+5=0

Find the vertex, axis, focus and directrix of the following
parabola:

(a) x2 = 100y (b)y? = 20x

(c) y? = - 28x (d) x2 = - 60y

Find the foci, latus recta, vertices and directrices of the
following parabolas:

(@ y?+4x-2y+3=0 (b)y?- 4x+ 2y - 3=0
(c)y?- 8x- 9=0 (dyx?-3y+3=0

The average variable cost of a monthly output of x tonnes of a
firm producing avaluable metal is Rs.% X2 - 3x +62.5. Show

that the average variable cost curve is a parabola . Find also
the ouput and the average cost at the vertex of the parabola.

The point ,, y,) lies outside, on or inside the parabola

according asy,? - 4ax, is greater than, equal to or less than zero.
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2.3 ELLIPSE
2.3.1 Standard Equation of ellipse:

y
D, D
B
L
e // T~ P [
( 1 :
z¢ Aa,‘\ s¢ C S yA z
\_./LQ:
D¢ B¢ D¢
Fig.2.8

Let S bethefocus and DD’ be the directrix.

Draw SZ perpendicular to DD¢ Let A, AC divide SZ
internally and externaly respectively in the ratio e:1 where e is the
eccentricity. Then A, A¢are points on the elipse.

Let C bethe mid-point of AA¢and let AA¢= 2a. Take CA to
bethe x axisand Cy whichis ~ to CA to bethey axis. Cistheorigin.

SA _ . SAC_
Az ~® ag ~°©

\  SA = e(AZ)  -eeeeee- (1)
A = e(AQ)  -eeeeeee- (2)

()+(2 b SA+AS=e(AZ + AT)
AAC = e(CZ- CA + AL + C2)

2a = €&2Cz) (since CA = CAQ
b Ccz =3
(2-(1) PAS-SA =e(AZ - AZ)

AGC + CS- (CA - CS)= e (AAQ
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or 2CS=e.2a
P CS =ae
So, Sisthe point (ae, 0).

Let P(x,y) beany point on the ellipse, draw PM * DD¢and
PN ~ CZ.

P PM =NZ=CZ-CN
_a_
= e X
S=I : . : .
M- € (sncethepoint P lieson the dlipse)
SP?2 = e PM?

(x-aef+y = & (g- xP=(@- &)’
X?- 2aex + a?e? +y? = a? - 2aex + ex?
x2(1-e) +y?=2a2(1- &)
2

P A,
a® " a’(1-e%) ~
Put b? =a(1- €?)
2 2
Hence?+F:1 (@>b)
Thisis the equaiton of elipse in the standard form.
2 2
2.3.2 Tracing of the Ellipse ;—2 + % =1

(i)  The curve does not pass through the origin. When y =0,
X =+ a. Therefore it meets the x axis at the points (+a, 0).
Similarly it meets the y axis at the points (O, + b).

(i) The curve is symmetrical about both the axes of co-
ordinates since both the powers of x andy are even. If
(x,y) be apoint on the curve, so also are (-x, y), (X, -Y)

and (-x, -y).
(i) We may put the equation of the ellipse in the form
o+l e
—a
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(iv)

(v)
(vi)

If | x|>a. i.eif either x >aor x <-a, a?- x? becomes
negative so that +/a® - x* isimaginary. Hence thereisno

point of the curve lying either to theright of thelinex = a
or to the left of theline x = -a.

If | x| <aileif -a<x < a, the expression under the
radical signis positive and we get two equal and opposite
valuesof y.

The curve lies entirely between these two lines. Note that
X =aisatangent at A(a, 0) and x = -aisatangent at
Aq-a, 0)
Similarly writing the equation in the form

X =+ %x/bz -y
we find that the curve does not extend above the liney = b
and below theliney = -b.

In fact the curve lies entirely between the linesy = b, and
= - b which are respectively tangents to the curve at B

and B'.

If x increases from O to a, y decreases from b to O.

Similarly if y increasesfrom 0 tob, x decreasesfromato 0.

Latusrectum: Through S, LSL ¢be drawn perpendicular
to AS. Corresponding to x = ae, we have

a’e®> Yy’ b* _ b’
2 +?:1 oryZ:bZ(l-eZ):bzg—g

2 2 2
ory=+2 b sL=st6=2 s LLe= 2 isthelans

rectum of the dlipse.

These information about the curve are sufficient to enable
us to find the shape of the curve as given in the Fig. 2.9.

Unlike the parabola, the ellipse is a closed curve.
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y

M Bd M
Fig. 2.9

Mg

Z¢

An important property

If Pisany point on the ellipse whose foci are Sand S,
then SP + SIP = 2a where 2a is the length of the major axis.

2.3.3 Centre, vertices, foci, axes and directrices for the
2 2

ellipse 27 +§ -1 (a>b)
(i) Centre

We have seen that if (X, y) be a point on the curve, then
(- X, -y) isaso apoint on the curve. Againif (x, -y) isapoint
on the curve, (- X, y) is also a point on the curve. This shows
that every line through C meets the curve at two points
equidistant from C. Thus every chord through C is bisected
at C. The point C is therefore called the centre of the ellipse.
C(0,0) is the middle point of AA G
(i) Vertices

The points A and A¢where the line joining the foci Sand S
meets the curve are called the vertices of the éllipse. A isthe point
(a, 0) and Acisthe point (- a, 0).
(iii) Foci

ThepointsS(ae, 0) and S’ (- ae, 0) arethefoci of theelipse.
(iv) Axes

Thetwo lines AA ¢and BB ¢with respect to which the curve

is symmetrical are called respectively the major axis and the
minor axis of the ellipse.
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Sincee<1,1- e isalsolessthan unity.
Therefore, b? = a? (1 - €?) islessthan a? sothat b < a.
Thus BB¢< AA¢ AACciscalled the major axis and BB¢

the minor axis. The segment CA = a is called the semi-major
axis and the segment CB = b the semi minor axis.

(v) Directrices
Equation to the directrix MZ in the Fig. 2.9 isx = %

Equation to the directrix M,'Z’ inthe Fig. 29is x = - %

Due to symmetry, there are two directrices.

. b?

(vi) b=a?(1-e) \ e=q1--3
Example 10

Find the equation of the ellipse whose eccentricity is

%,oneof thefoci is(- 1, 1) and the corresponding directrix
isx-y+3=0.

Solution :

Given the focusis S(- 1,1), directrix isx - y + 3=0and

_1
e=3

Let P(x,, y,) be any point on the ellipse. Then

SP2 = €2 PM?2 where PM is the perpendicular distance of
X-y+3=0fromP. )
P2 (y . q) = 128 %*30

(Xl ) (yl - ) 4 e 1+1 7]
8(X1 + 1)2 +8 (yl - 1)2 (Xl - yl + 3)2
X2+ 2Xy +7y?+10x - 10y, +7=0
Locus of (x,, y,), i.e., the equation of the ellipse is
X2+ 2xy + 7y2+ 10x - 10y +7=0
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Example 11
Find the equation of the ellipsewhose foci are (2,0) and

(-2, 0) and eccentricity is % .
Solution:
We know that S (@e, 0) and S' (- ae,0) are the foci of the
. X2 2
ellipse ?+b_2: 1, (a>Db)
Now the foci are (2,0) and (-2, 0) and e = %
b ae=2 and e = %
P a=4 or az = 16

The centre C isthe mid-point of SS¢and hence Cis (0,0).
S and S¢are20n thex axis. So the equation of the élipse is of the

x>y
form z+37=1
b2=a?(1- e) =16 (1- §) = 12
\ the equaiton of the ellipseis
X Y
TR

Example 12
Find the eccentricity, foci and latus rectum of the
ellipse 9x? + 16y? = 144.

Solution :

The equation of the ellipseis

x2 y?
2 2 = —+— =
ox2 + 16y 144 \16+921
2

The given equation is of theform §+g—2=1. Then a=4

andb=3

b2 9 \ﬁ
=.,./1- = = - = —
\ € \] a2 1 16 4
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The foci are S (ae, 0) and S¢(- ae, 0).
or, S(+/7,0) and S®-/7,0)

2v® _2(3%)
a 4

The latus rectum =

Nl©

Example 13
Find the centre, eccentricity, foci and directrices of
theellipse 3x2+ 4y?- 6x + 8y -5=0
Solution :
The given equation can be written as
(3x?- 6x) +(4y?+8y) =5
3(x?- 2x) +4(y?+2y) =5
P 3(x?-2x+1-1)+4(y?+2y+1-1)=5
P 3(x-1)2+4(y+1)?=5+3+4=12
b (D (D

4 3
Ifweput X =x- 1landY =y + 1in the above equation
X?  Y?
we get, T+T: 1
2 2
which can be compared with the standard equation §+Z—2=
b?=a? (1- &) gives3=4(1- @) ore=1-2=7 b e= 3
Now let us tabulate the results:
Referred to (x, )
Referred to (X, Y) Xx=X+1,y=Y-1
Centre (0,0 (0+1,0-1)=(1,-1)
Foci (+ae,0)
=(1,0) and (- 1, 0) (2,-1) and (O,-1)
Directrices X:i% X-1=+4
orX=+4 or Xx=5andx=-3
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EXERCISES 2.3

1 Find the equation of the ellipse whose
(i) focusis (1, 2) directrixis2- 3y+6=0

and eccentricity is%
(i) focusis (0, 0) directrixisX +4y-1=0
and eccentricity is%
(i) focusis(l, -2) directrixisX- 2y+1=0ande=

-

2 Find the equation of the ellipse whose
(i) fociare(4,0)and (-4,0) ande=
(i) foci are(3,0)and (-3,0)ande= /3
(iii) thevertices are (0, + 5) and foci are (0, + 4).

w|

)| Find the centre, vertices, eccentricity, foci and latus rectum
and directrices of the ellipse.
(i) 9+ 442=36
(i) 7x®+4y?-14x+40y+79=0
(i) 9x®+ 16y*+36x- 32y- 92=0
24 HYPERBOLA
2.4.1 Standard Equation of Hyperbola

P(x,y)

Ac |z¢ |c z] AU s N

SQ“

>
B¢ D¢

Fig. 2.10

Let S be the focus and DD ¢bhe the directrix. Draw SZ »
DD¢ Let A, Acdivide SZ internally and externally respectively
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in the ratio e:1 where eisthe eccentricity; then A, A ¢are points
on the hyperbola. Take C, the mid-point of AA ¢asorigin, CZ as
x-axis and Cy perpendicular to CZ as y-axis.

SA SAC

Let AA¢=2a. Now A7 " €, AT e.
So SA =e(AZ)  ----------- (2)
and SA¢ =e(AZ)  ----------- (2)

(D)+(2 b SA+SACt =e(AZ+ AE)
o, CS-CA+CS+CAt=e.AAC
2CS =e.2a
CS =ae
(2 - (1) P SAC- SA =e(AZ- A2
or, AAC =e (CZ+ CA¢- CA +C2)

2a =e. 2CZ
_a
So, Cz = e

Let P(x, y) be any point on the hyperbola, and let

PM ~ DD’ and PN ~ CA.
Then Ig_l\a =e or, SP? =e?PM?2
P (x- ae)?+ (y- 02 =e?[CN - CZ]?
=€ (x- § )= (xe - @
p X2 (e?- 1) -y> =a%?- a?
p x2(e?-1)-y? =az(e*- 1)
x? y?
- 7,7 . =1
a” a‘(e"-1
Put b2 =az(e?- 1)
x>y
Hence Z b T 1
This is the standard equation of hyperbola.
Theline AAcisthetr ansver seaxis and thelinethrough Cwhich
is prependicular to AACisthe conjugate axis of the hyperbola

b
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2

X2y

2.4.2 Tracing of the hyperbola 2 o 1

()

(if)

(iii)

(iv)

b2
The curve does not pass through the origin. When y =0,
X = + a. Therefore it meets the x axis at the points
(+ a, 0). Thus the points A and A¢in which the curve
cutsthe x axis are equidistant from the centre.

We have CA = CA¢=a and AA¢= 2a.

Similarly when x = 0, y becomes imaginary. Therefore
the curve does not cut the y-axis.

Let us take two points B and B¢on the y-axis such that
CB = CB¢=Db. Then BB¢= 2b.

The curve is symmetrical about both x axisand y axis
since both the powers of x and y are even. If (X, y) be a
point on the curve, so also are the points (- x ,y), (X, -Y)
and (-x, -y).

We write the equation of the hyperbolain the form
y=* % VX - a’

If [x|>a i.e if etherx>aorx<-a, x?- a2>0andweget
two equal and opposite values of y. Inthiscase, asthevaue
of x numerically increases, the corresponding two values of y
increase numericaly.

The curve therefore consists of two branches each extending
to infinity in two directions as shown in the Fig. 2.11.

If | x| <aor, -a< x < a,then x?- a?is a negative
guantity. Therefore y imaginary and there is no point of
the curve between thelinesx = - a andx = a. The curve
liesto the left of theline x = - a and to theright of x = a.

Similarly by writing the equation in the form
X= + % Jy:+b?
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we find that y can have any red vaue without limitation and that
for each vaue of y we get two equa and opposite values of x.

These information about the curve are sufficient to enable us
to find the shape of the curve. The curve drawn is therefore
asshowninthe Fig. 2.11.

(v) Latusrectum: Through S, LSL¢be drawn perpendicular
to AS. Corresponding to x = ae, we have
2

a’e’ b* _ b
2 §=1 ory?=0m?(e-1) = bzg—g
2 2 2
or y=+ % b SL=SL¢= %. So, LL¢= % isthelatus
rectum of the hyperbola.

Note that the hyperbolais not a closed curve. The curve
consists of two parts detached from each other.

Yy

A

Fig.2.11

An important property:
The difference between the focal distances of any point on a

hyperbolais constant and equal to the length of the transverse axis
of the hyperbola. i.e., SP~SEP = 2a.

2.4.3 Asymptote of a curve

A gtraight line which touches a curve at infinity but does not
lie atogether at infinity is called an asymptote of that curve.
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Note
ax? + bx + ¢ =0 has both roots equal to zeroif b= c=0
and both rootsinfiniteif a= b= 0.

2 2
The asymptotes of the hyperbola ? - %

The coordinates of the point of intersection of theliney =mx + ¢

=1

2 +0c)2
and the hyperbola are given by % - (rn<b—2c): 1
,el _m’o 2mc, ¢’
x8a2 o 5 b2 X b2 1 0
x2(b?2 - a?m?) - 2ma%cx - a*c?- azh? = 0

Now if y = mx + c is an asymptote, both the roots of this
equation are infinite.

\ Coefficient of x = 0 and coefficient of x2 = 0.

P -2malc=0and b?- a2m?=0. \ c:O,mzig
Hence there are two asymptotes, namely
_b __b
y = X and =-3X
xX_ Y- D
o 2% 0 and a+b 0

Their combined equation is
X_ Yy Xy Yy- XY
(a b)(a+b)_0 0r1 a.2 bZ_O
Note
(i) The asymptotes evidently pass through the centre C(0,0)
of the hyperbola (Fig 2.12).

(i) The slopes of the asymptotes are % and - g. Hence the

asymptotes are equally inclined to the transverse axis. That
is, the transverse and conjugate axes bisect the angles
between the asymptotes (Fig 2.12).
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(iii) If 2a isthe angle between the asymptotes then tan a = g
\  Angle between the asymptotes = 2 tan* (%)

(iv) The combined equation of the asymptotes differs from that
of the hyperbola by a constant only.

y

Fig.2.12.

Example 14
Find the equation of the hyperbolain standard form whose

eccentricity is+/2 and the distance between the foci is 16
Solution :
Givene = /2

Let Sand S¢be the foci, then SIS = 16
But SIS=2ae \ 2ae=16
Thuswe have (2a)(+/2) =16, b a=4+/2
Also b? —a?(e- 1)

= (42y(2- 1) =32
The equation of the hyperbolais

2 2

P x* -y =32
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2.4.4 Rectangular Hyperbola (R.H.)

A hyperbola is said to be rectangular if the asymptotes
are at right angles.
b

If 2a isthe angle between the asymptotes, thentana = 0

If the hyperbolais R.H., then 2a = 90°
\ a=45 b a=h
\ Equation of the rectangular hyperbolais x2- y? =&.

P A hyperbolaisalso said to be rectangular when itstransverse
and conjugate axes are equd in length.i.e.a=Db

\  b2=a(e- 1) gives a?= a2 (- 1). or e = 42

2.4.5 Standard equation of rectangular hyperbola.

Let the asymptotes of a rectangular hyperbola be taken as
the coordinate axes.

The equations of the asymptotesarex = 0 andy =0. Their
combined equation isxy = 0.

Since the equation of the hyperbola differs from the equation
of asymptotes by a constant, the equation of the hyperbolais

Xy=K mmmeemmeeee- (1)

wherek is a consant.
Let the transverse axis, AA¢= 2a.

Draw AM perpendicular to one asymptote, the x-axis.
DACM = 45 where C isthe centre

a
2
and MA=CAsn45 = NA

So, CM = CA cos 45

- ®a a0
\ The coordinates of A are g Ny

It lies on the rectangular hyperbola. Therefore,

90



a a
_a a y
k=172 12 \
_ a’
) A )
The equation for the C \\_
rectangular hyperbolais M X
Xy = a_22 A¢
2 = a_z
Let c >
Hence xy= c? Fig.2.13.

Thisisthe standard form of the equation of the rectangular hyperbola.
Example 15

Find the equation of the hyperbola whose eccentricity is
/3, focusis (1, 2) and the corresponding directrix is2x +y = 1.
Solution :

Focus Sis (1, 2), directrixis 2x+ y=1 and e= J3

If P(x,, y,) isany point on the hyperbola, then SP* = &2 PM?,
where PM is the perpendicular to the directrix 2x+ y = 1.

(X, - 12+ (y,- 2 = 3 (2><1+5yl-1)2

5(x2- 2x,+1+y?- 4y +4)=3 (2 +y, - 1)

X2+ 12xy, - 2y?- 2x, + 14y, - 22=0
\ Locus of (x,, y,) is

X2+ 12xy - 2y?- 2x+ 14y- 22=0
Example 16

Find the equations of the asymptotes of the hyperbola
2X2 + Bxy + 2y - 11x- 7y- 4=0

Solution :
The combined equation of the asymptotes differs from the
equation of the hyperbola only by a constant.
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So, the combined equation of the asymptotes is

2X2+5xy +2y? - 1UX - 7y + k=0 ..ccceviiennnns (D)
which is a pair of straight lines satisfying the condition
abc + 2fgh - af?2- bg2- ch2= 0 ................. (2)

In the given equation
a=2,n=3 ,b=2,f = g=-1 c=k
Substituting in (2) we get k = 5.
So the combined equation of the asymptotes is
2x2 +5xy +2y?- 11x - 7y +5=0
=> (2x2 +5xy +2y?)- 1lx- 7y+5=0
=> (2x+y)(x+2y)- 1lx-7y+5=0
= (2x+y+1l)(x+2y+m)=0

= |+2m=-11 (comparing the coefficients of x)
and 2l+m=-7 (comparing the coefficents of y)
[} l=-1, m=-5

The equations of the asymptotes are
2x+y-1=0and x+ 2y- 5=0.

Example 17
Find the centre, eccentricity, foci and latus rectum
of the hyperbola 9x? - 16y? - 18x - 64y - 199 =0

Solution :

The given equation can be written as

9(x2 - 2x) - 16 (y? + 4y) = 199

Completing squaresin x and y, we get

Ox - 1)2- 16(y+2)2=199+9 - 64

, =144
(x-D° (y+2* _,
16 9 -

To bring thisto the standard form, set X=x- landyY =y + 2,
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we get,

X*_Y? _
16 9
b>=a?(e?- 1)
-9 - 25 -5
p eZ—E+1—E o, e=

Now we can tabulate the results:

Referred to (X, y)
Xx=X+1,y=Y-2

Centre (0,0) (0+1,0- 2=(1,-2
Foci (+ae,0) (5+1, 0- 2) and (- 5+1, G- 2)
= (5,0) and (-5,0) |(6,-2) and (-4, - 2)

Referred to (X, Y)

2
Latusrectum | = 20° = 2X9 -
a 4

Nl©

9
2

Example 18

Find the equation to the hyperbola which has the lines
X+4y- 5=0and 2x - 3y + 1 = 0for itsasymptotes and which
passes through the point (1,2).
Solution :

The combined equation of the asymptotesis

(Xx+4y-5)(2x-3y+1) =0
The equation of the hyperbola differs from this combined

equation of asymptotes only by a constant. Thus the hyperbolais
(x+4y-5) (2x-3y+ 1) =k, wherekisaconstant

Since the hyperbola passes through (1, 2)
[1+4(2)-5][2(1)-3(2 +1] =k iek =-12
P Theequation of the hyperbolais(x +4y-5) (2x - 3y+1)=-12
or 2X2+ 5xy - 12y?- 9x+ 19y + 7 =0.
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Example 19

The cost of production of a commodity isRs.12 less per
unit at a place A than it isat a place B and distance between
A and B is100km. Assuming that theroute of delivery of the
commodity isalong a striaght line and that the delivery cost
is 20 paise per unit per km, find the curve, at any point of
which the commodity can be supplied from either A or B at
the same total cost.

Solution:
Choose the midpoint of AB as the origin O(0,0).

Let Pbeapoint ontherequired curve so that the commaodity
supplied from either A or B at the same total cost.

Let the cost per unitat B=C
\ the cost per unitat A=C- 12

Délivery cost per unit from AtoP= 2 Ap

100
y
P(xy)
A o B X
(-50,0) (0,0) (50,0)
Fig.2.14.

Derlivery cost per unit from B to P = % BP

Tota cost is same whether the commodity is delivered from
either A or B.

20 — 20
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\ %- B—5P =12 i.e. AP- BP=60

J(x+50)2+y? - J(x- 50)2+y? = 60

X +y2 +100x+ 2500 - +/x%+y%- 100x+2500 = 60
Smplifying we get,
6400x2 - 3600y? = 5760000
\ 16x2 - 9y2 = 14400 ,
X_Z - y_ e 1 \ X—2 _ y— =
900 ~ 1600 (30)* ~ (40)*
Thus we get the required curve as hyperbola.

1

Example 20
A machinesellsat Rs.p and thedemand, x (in hundreds)

machines per year isgiven by x = p9+(-)5 - 6. What type of
demand curve corresponds to the above demand’s law? At
what price does the demand tend to vanish?

Solution:
The demand curveis
90
X+6:m P (x+6)(p+5)=90
p XP=90
where X =x+6, P=p+5

P  Thedemand curveis arectangular hyperbola.
Demand=0 P 6(pt+5) =90

p p = Rs.10.

EXERCISE 2.4
1 Find the equation of the hyperbola with
(a) focus (2, 2), eccentricity %and directrix X - 4y = 1.

(b) focus (0, 0), eccentricity %and
directrix x cosa + ysina =p.
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2)

3

4)

6)

Find the equation of the hyperbola whose foci are (6, 4)
and (- 4, 4) and eccentricity 2.
Find the equation of the hyperbola whose
(a) centreiis (1, 0), one focus is (6, 0) and transverse axis 6.
(b) centreis (3, 2), one focusis (5, 2)

and one vertex is (4, 2).
(c) centreis (6, 2), onefocusis (4, 2) and e = 2.
Find the centre, eccentricity, foci and directrices for the
following hyperbolas:
(@) 9¢- 162=144 (b (X+92)2 . (y+74)2 =

(c) 12x- 4y?- 24x+ 32y - 127=0

Find the equation to the asymptotes of the hyperbola

(@) 3x?- 5xy - 2y?+17x+y+14=0

(b) 82+ 10xy - 3y?- 2x+4y- 2=0

Find the equation to the hyperbola which passes through
(2,3) and has for its asymptotes the lines4x + 3y - 7 =0
and x - 2y = 1.

Find the equation to the hyperbolawhichhas X - 4y +7 =0
and 4x + 3y + 1 = 0 for asymptotes and which passes through
the origin.

1

EXERCISE 2.5

Choose the correct answer

1

2)

3

4)

The eccentricity of a parabolais
@1 (o (c)2 (d)-1

The eccentricity of aconicis % . Theconic is
(@) aparabola (b) anellipse (c) acircle (d) ahyperbola

Latus rectum of y? = 4dax is
() 2a (b) 3a (c) 4a (d) a

Focus of y? = -dax is
(@) (& 0 (b) (0, a) (©)(0,-a)  (d)(-a 0
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5) Equation of the directrix of x*> = 4ay is
(@x+a=0 (b)x-a=0 (c)yta=0 (dy-a=0

2 2
6) §+g—2=1repr%entsanellipse(a> b) if
@b=a’(1- ) (b) b* =-a%(1- ¢
2 2
2 - a 2: 1' e
()b = 775 @b =22
2
7)  Latusrectum of an ellipse §+g—2= 1 @>b)is
2a’ () @’ 2b* b?
(@ & (b) & (c) £2 () 5=

8  Focusof y?=16xis

@ (2, 0) (b) (4, 0) (c) (8,0) d (24
9)  Equation of the directrix of y> = - 8x is

@x+2=0 (b)x-2=0 (c)y+2=0 (dy-2=0
10) The length of the latus ractum of 3«2 + 8y =0, is

(@3 (b) £ (c)8 @ 3
11) The parabolax? + 16y = 0 is completely

(a) above x-axis (b) below x-axis
(c) left of y-axis (d) right of y-axis
2
12) The semi major and semi minor axes of i(—;+g—5 =1is
(@ (4,5) (b) (8, 10) (© (5,4 (d) (10, 8)
13) The length of latus rectum of 4x® + 9y? = 36 is
4 8 4 8
@ 3 (b) 5 © 3 @ 3

14) Inanellipsee:%, the length of semi minor axisis 2. The

length of mgjor axis is
(a)4 (b) 5 (c)8 (d) 10
2
15) Eccentricity of the hyperbola XTZ y? =1is
3 9 5
@5 OF ©F (@4
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16)

17

18)

19)

20)

The sum of focal distances of any point on the ellipse is equal
to length of its

(a) minor axis (b) semi minor axis

(c) magjor axis (d) semi major axis

The difference between the focal distances of any point on
the hyperbolais equal to length of its

(a) transverse axis (b) semi transverse axis

(c) conjugate axis (d) semi conjugate axis.

Asymptotes of a hyperbola pass through

() one of the foci (b) one of the vertices

(c) the centre of the hyperbola (d) one end of itslatus rectum.

Eccentricity of the rectangular hyperbolais
1 1
(@2 (b) 5 () 2 @ 75

If ais the length of the semi transverse axis of rectangular
hyperbola xy = ¢ then the value of c?is

(8 & b2  (©& (@
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APPLICATIONS 3
OF DIFFERENTIATION - |

Differentiation playsavital rolein Economicsand Commerce.
Before we embark on demonstrating applications of differentiation
in these fields, we introduce a few Economic terminologies with
usual notations.

3.1 FUNCTIONSIN ECONOMICSAND COMMERCE

3.1.1 Demand Function
Let q be the demand (quantity) of a commodity and p
the price of that commodity. The demand function is defined as
g = f(p) where p and q are positive. Generdly, p and q are
inversely related.
Observe the gr‘aph of the demand function q = f(p)
3

y
ax=f(p)

P

% and curve

>

(@4

- Price g
Xt or Fig. 3.1 X

Following observations can be made from the graph (Fig 3.1)
(i) only the first quadrant portion of the graph of the demand
function isshown since p and q are positive.

(i)  dopeof thedemand curveis negative.

3.1.2 Supply Function
Let x denotesamount of a particular commodity that sellers

offer in the market at various price p, then the supply function is
given by x =f(p) wherex and p are postive.
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Generdly x and p are directly related

Observe the graph of the supply function, x =f(p)
A

Y X =f(p)
38
s Supply curve
=
)

Xt o Supply X
YY  Fig32

Following observations can be made from the graph (Fig 3.2)

(i) only the first quadrant portion of the graph of the supply
function is shown since the function has meaning only for non-
negative vaues of q and p.

(i)  dope of the supply function is positive.
3.1.3 Cost Function

Normally total cost consists of two parts.

(i) Variable cost and (ii) fixed cost. Variable costisasingle-
valued function of output, but fixed cost is independent of the level
of output.

Let f(x) be the variable cost and k be the fixed cost
when the output is x units. Thetotal cost function isdefined as
C(x) =f(x) +k, where x is posdtive.

Note that f(x) does not contain constant term.

We define Average Cost (AC), Average Variable Cost
(AVC), Average Fixed Cost (AFC), Marginal Cost (MC), and
Marginal Average Cost (MAC) asfollows.

i f(¥ +k
() Average Cost (AC) = B K= Lo G
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f .
(i) Average Variable Cogt (AVC) = % = Vaigdie Codt

Output
, — Kk _ Fixed Cost
(i) Average Fixed Cost (AFC) = X - Output

(v) Margind Cost (MC) =O‘|3'—X C(x) = Ctx)

(v) Margina Average Cost (MAC) = O‘I’—X (AC)

Note

If C(x) isthetotal cost of producing X unitsof some product
then itsderivative C¢x) isthemarginal cost whichisthe approximate
cost of producing 1 more unit when the production level is x units.
The graphical representation is shown here (Fig 3.3).

YA
C(x+1)
7 [CX)
@]
o
x < C X > X
y'y Production level

Fig. 33
A=CKx+1)- C(X
B = C§x) = Marginal Cost

3.1.4 Revenue Function
Let x unitsbesoldat Rs.p perunit. Thenthetota revenue
R(x) is defined as R(x) = px, where p and x are positive.

_ Total revenue _ px _
Average revenue (AR) = quantty sid ~ x~ - P

(i.e. Average revenue and price are the same)
Marginal revenue (MR) = c(ij_x (R) = R¢x)
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Note

If R(X) be the tota revenue gained from sdling x units of
some product, then its derivative, REX) is the margina revenue,
which is approximate revenue gained from selling 1 more unit when
the sdles level is x units. The graphical representaion is shown
here (Fig 3.4)

YA R(X)
R(x+1)
[}
ch,) R(x)
3
o
< 0] : >
x¢ < X x+1 mX
y by Saleslevel
Fig. 34

A =R(x+1) - R(X)
B = R¢(x) = marginal revenue
3.1.5 Profit Function

The profit function P(X) isdefined asthe difference between
the total revenue and the total cost. i.e. P(x) = R(X) - C(X).

3.1.6. Elasticity
The eadticity of afunction y = f(x), with respect to X, is
defined as

- By - 1t L
h Ex Dx® 0 DXx

_ X Oy

oy dx
Thus the eadticity of y with respect to x isthe limit of the
ratio of the relative increment in y to therelative increment inx, as
the increment in X tendsto zero. The eadticity is a pure number,

independent of the unitsin x and .
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3.1.7 Elasticity of Demand
Let g=f(p) bethedemand function, where q isthedemand

and p istheprice. Thentheeladticity of demand ish , = Fp 3—2
A __
(Fig 3.5) T 9=
> Demand curve
g Dq{
o :
D;) \*_}
x* o P p* "
yvY Price

Fig. 3.5
Dg

iCi - 4_ _ P dq
Elagticity of dernmd—DgJ-éo 55 T4 W

Since the dope of the demand curve is negative and elasticity

is a positive quantity the elasticity of demand is given by
—_ b dq

KR
3.1.8. Elasticity of Supply

Let x = f(p) be the supply function, where x is the supply
and p istheprice. The dasticity of supply is defined as

h=2P ax.

s X dp
3.1.9 Equilibrium Price
The price at which quantity demanded is equal to quantity
supplied is called equilibrium price.

3.1.10 Equilibrium Quantity
The quantity obtained by substituting the value of equilibrium
price in any one of the given demand or supply functionsis called

equilibrium quantity.
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3.1.11 Relation between Mar ginal Revenue and Elasticity of
Demand

Let g units be demanded at unit price p so that p = f(Q)
wheref isdifferentiable. The revenue is given by

R(a) = ap

R(9) = qf(a) [ p=1(0)]

Margina revenue is obtained by differentiating R(q) with
respect to q.

\ R&g) =qf «g) +f(q)

dp dp
=g -*tp [ -= f &)
g dp %
REq) = p(1 +— ——
%) =Pl +3 o)
¢ U
_ _1a
=p &* 5y
e addp(
el . B
- ,u
=pg+|_£%_ya
dé 1" adopg
Since h, = - P o ,
q dp . 10
Margina Revenue = RkQ) = pgl- h_H
d

Example 1

A firm produces x tonnes of output at a total cost
C(x) = 1—10 x3-4x2+20x+5
Find (i) Average cost (ii) AverageVariable Cost

(iii) Average Fixed Cost (iv) Marginal Cost and
(v) Marginal Average Cost.

Solution :
C(x) = %xt 4x2+ 20X + 5
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(i) Average Cost _ Total cost

output
= (% X2 - 4x+20+%)
(i) AverageVaiableCost = —Variggltgutcost
= 5% 4x+20
(i) AverageFixedCost = %p%?st = %
(iv) Margina Cost = %C(x)

= %(% X3 4X? + 20X +5)
= (% X2 - 8x + 20)
(v) Margind Average Cogt = %(AC)

:EL 2 _ i
dx(lO X 4x+20+x )

5
(% X-4- 7)
Example 2

The total cost C of making x units of product is
C = 0.00005x3- 0.06x2+ 10x + 20,000. Find the mar ginal cost
at 1000 units of output.

Solution :
C = 0.00005x3 - 0.06x2+ 10x + 20,000
Margina Cost ?j—(X: = (0.00005) (3x?) - (0.06) 2x + 10

= 0.00015 x?- 0.12x + 10

when x =1000

% = (0.00015)(1000)? - (0.12)(1000) + 10

=150- 120+ 10=40
At x =1000 units, Marginal Cost isRs. 40
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Example 3

Find the elasticity of demand for the function
x =100 - p- p> whenp=5.

Solution :
x=100- p- p?
dx _
dp— = 1' 2p
Elasticity of demandh,, = - gg—;

__p(-1-2p) __ p+2p°
100- p- p° 100- p- p?

- _ 5+50
Whenp=5 Ny = 150-5- 25
_55 _ 11
70 14
Example 4

Find the elasticity of supply for the supply function
X = 2p?+8p+10

Solution :
X = 2p+8p+10
dx _
d W
. _p dx
Elagticity of supply h, = ~ dp
_ _4p*+8p _ 2p®+4p
B 2p2+8p+10 - p2+4 p+5
Example5

For the function y = 4x-8 find the elasticity and also
obtain the valuewhen x = 6.

Solution ;
y =4x-8
dy _
ax 4
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ici :Ld_y
Eladticity h vl

_ X
h = 4x—8(4) X-

whenx =6, h =

I
2

o
N

3
2

o)

2
Example 6

- E
Ify= %Jr%))(( find E_>)</ Obtain the values of h when

Xx=0andx = 2.
Solution :

Wehave y = ;_—%))((

Differntiating with respect to X, we get
dy  (2+3x)(-2)- (1- 2x)(3)

dx ~ (2+3x)?

_ -4-6x-3+6x _ -7

(2+3x)° T (2+3%)°
h-B _xd

Ex y dx

_ X(2+3X) -7

@-2x) X (2+3x%)°
- 7X

h = T 2002+
whenx=0, h=0

- -1
whenx =2, h= 17

Example 7

A demand function is given by xp" =k, where n and k
are constants. Calculate price elasticity of demand.

Solution :
Given xp"=k
p X =kpn"
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3_)5: -nkpm™t

Eladticity of demandh, = -

P dx
X

©

- N- 1)
=n, whichisaconstant.

Example 8

Show that the elasticity of demand at all points on the
curve xy? =c(cisconstant), where y representspricewill be
numerically equal to 2.

Solution :
We have Xy? =¢C
c
X = 7
Differentiating with respect toy,
dx __ 2
dy —
_yox _ -y & 2c0_,
Eladticity of demand h, = X dy - _2 f_a_
Example9

Thedemand curvefor amonopolist isgiven by x = 100- 4p

(i) Find thetotal revenue, averagerevenue and marginal
revenue.

(i) Atwhat valueof x, themarginal revenueisequal to zero?
Solution :

Wehave x =1004p
_ 100- x
P="

Tota revenue R= px

400- X6, — 100 X
=X = =2 A4
4 g 4
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100- X
4

d

xR

_ d &00x- x*6
x& 4 4

1 _ 50- x

7 [100-24] = >

Average revenue =p =

Margina revenue

(i)  Margind revenueis zero implies

XX -0p x=50
\  Marginal revenue is zero when x = 50.

Example 10

If AR and MR denotethe average and marginal revenue
at any output level, show that elasticity of demand isequal to
AR P : _
AR VR Verify thisfor thelinear demand law p = a+ bx.
where pispriceand x isthe quantity.
Solution :
Total Revenue R =px

Average Revenue AR =p
: _d _d
Margina Revenue MR = &(R) = &(px)

= p + X(;_E)(
Now,
AR _ P
(AR- MR) ] dp
P (I0+de
__ PO
x dp
= Eladticity of demand h
\ AR _
(AR-MR) ~ '
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Given p=a+hbx

Differentiating with respect to x,
dp _
& b
R =px =ax + bx?
AR = atbx (AR = price)
MR = %(ax + bx?)
= a+ 2bx.
\ AR _ atbx __ (athx) (1)
(AR-MR) — a+bxa 2ox bx
_ P dx
Ny =y
_ (atbx)1 _ (atbx)
x b bx (2)
from (1) and (2) we get that —~~— =h
om (1) and (2) we g (AR-MR) ~''d
Example 11

Find the equilibrium price and equilibrium quantity for
the following demand and supply functions, Q,=4-0.06pand
Q.=0.6+0.11p

Solution :
At the equilibrium price
Q= Q
P 4-0.06p =0.6+0.11p
p 0.17p =34

_ 34
b P =017
p =20
when p =20, Q,= 4- (0.06)(20)
=412=28

\  Equilibrium price = 20 and Equilibrium quantity = 2.8
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Example 12

Thedemand for a given commodity isgiven byq = L5

(p>5), where p istheunit price. Find the elasticity of demand
when p =7. Interpret theresult.

Solution :

Demand function q = P

p-5
Differentiating with respect to p, we get
dg (PS5 @)- pd) -5

- e (pSP
.. __Ed_q_—p(p—S)i_ 5 }
Eladticity of demandh, = qd - p L (52
5
=55
when p =7, h,= 7—55 =25

Thismeansthat if the price increases by 1% when p =7, the
guantity demanded will decrease by approximately 2.5%. Also if
the price decreases by 1% when p = 7, the quantity demanded will
increase by approximately 2.5%.

Example 13

The demand for a given commodity is g = - 60p + 480,
(0<p<7) where p istheprice. Find theelasticity of demand
and marginal revenuewhen p = 6.

Solution :
Demand function q = - 60p + 480
Differentiating with respect to p, we get

g—g =-60
Elasticity of demandh , = - g ?: W—F:ABO(' 60) =- %
when p=6, h,= %=3
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1)

2)

3

4)

5)

6)

8)

9)

Marginal revenue:p(l-vhl—d) = 6(1- % Y=4
\ Marginal revenue=Rs. 4

EXERCISE 3.1
A firm produces x tonnes of output at a total cost C(x) =
Rs. (% x3-4x2+25x+8). Find (i) Average Cost (ii) Average

Variable Cost and (iii) Average Fixed Cost. Also find the value
of each of the above when the output level is 10 tonnes.

Thetotal cost C of making x units of product is

C(x) = 25+ 3x® ++/x . Findthe marginal cost at output level of
100 units.

Thetotal cost of making x unitsis given by C(x) = 50+5x +2+/x .
What is the marginal cost at 100 units of output?

If the cost of making x unitsis C = % x +264/x+4. Find
the marginal cost at output of 96 units.

If the total cost C of making x tonnes of a product is
C=10+30+/x . Findthe marginal cost at 100 tonnes output

and find the level of output at which the marginal cost is
Rs. 0.40 per ton.

The cost function for the production of x units of an item is
givenby C = % x3 - 4x2 +8x + 4. Find (i) the average
cost (ii) the marginal cost and (iii) the marginal average cost.
If the total cost C of making x unitsis C =50+ 10x + 5¢.
Find the average cost and marginal cost when x = 1.3.

Thetotal cost C of producing X unitsis
C = 0.00004x3 - 0.002x? + 3 + 10,000. Find the marginal cost
of 1000 units output.

Show that the elasticity of demand at all points on the curve
Xy = c? (y being price, and c isthe constant) will be numerically

equal to one.
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10)

11)

12)

13)

14)

15)
16)

17)

18)

19)

20)

21)

Find the elasticity of demand when the demand isq = 20

p+l
and p = 3. Interpret the result.

Given the demand function q = 165 - 3p - 2p?, find the
elasticity of demand at the pricep = 5. Interpret the result.

Show that the elasticity of demand function p = 100

for every value of g.

Find the elasticity of demand with respect to the price for the
following demand functions.

()p=+/a-bx, a and b are constants (i) x = %

A demand curve isxp™ = b wherem and b are constants.
Calculate the price elasticity of demand.

Find the elasticity of supply for the supply function x = 2p? +5.
The supply of certain items is given by the supply function

is unity

X =a~/P- b wherepistheprice, a and b are positive
constants. (p>b). Find an expression for elasticity of supply
h.. Show that it becomes unity when the price is 2.
For the demand function p =550- 3x - 6x? where x isthe
quantity demanded and p isthe price per unit, find the average
revenue and marginal revenue.
The sales S, for the product with price x is given by
S = 20,000 e %5,
Find (i) total sales revenue R, where R = xS

(if) Margina revenue
The price and quantity x of a commodity are related by the
equation x =30- 4p - p? Find the easticity of demand and
marginal revenue.
Find the equilibrium price and equilibrium quantity for the
following demand and supply functions.
g,=4-0.05 and q,=08+0.11p
Find the marginal revenue for the revenue function

R(x) = 100x + % , Where x = 10.
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22) The price and quantity g of a commodity are related by the
equation q=32- 4p - p? Find the elasticity of demand and
marginal revenue when p = 3.

3.2 DERIVATIVE ASA RATE OF CHANGE

Let arelation between two variables ‘x’ and 'y’ be denoted
by y=f(x). Let Dx bethe smdl changein x and Dy be the
corresponding changein y. Then we define average rate of change

of y with respect tox is %.WhereDy:f(x+Dx)- f(x) and
Lt Dy _dy

Dx®0 Dx ~ dx
= Instantaneous rate of change of y with respect to x.

3.2.1 Rate of change of a quantity

Let the two quantities x and y be connected by the relation
y = f(x). Then f&x ) represents the rate of change of y with
respect to x at X = X,

3.2.2 Related rates of change

We will find the solution to the problems which involve
equations with two or more variables that are implicit functions of
time. Since such variables will not usudly be defined explicitly in
terms of time, we will have to differentiate implicitly with respect to
time to determine the relation between their time-rates of change.
Example 14

Ify =300 , find the average rate of change of y with

respect to x When x increasesfrom 10t0 10.5. Find also the
instantaneous rate of changeof y at x = 10.

Solution :

(i) Averagerate of change of y withrespectto x atx =X, is
Dy _ f(%+Dx)- f(X)
Dx Dx

Here f(x) = 3;)'(0, x =10 and Dx = 0.5
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\ Averagerae of changeof y withrespecttox is

f(105)- f(10) _ 28.57-30 _ -1.43
0.5 0.5 0.5
= - 2.86 units per unit change in X.

The negative sign indicates that y decreases per unit
increase in X.

(i)  Theinstantaneous rate of change of y is %

- 300
y X
dy=-300
dx x2
_ dy_-300__
AtX—lO,&— (10)2 =-3

P Theinstantaneous rate of change atx = 10 is- 3 units per unit
change in x. The negative sign indicates the decrease rate of
change with respect to x.

Example 15

A point moves along the graph of xy = 35 in such a
way that its abscissa is increasing at the rate of 3 units
per second when the point is (5, 7). Find therate of change
of y - coordinate at that moment.

Solution :
Here x and y arefunctionsof time‘t’.
Xxy=35

Differentiating with respect to ‘'t" we get

d -d
Lxy) = £.(39)
b xﬂ +y% =

dt at
b ﬂ :-X%
at x dt

We need the value of % whenx =5,y=7and %: 3
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ie

dy __7
% 5 x3
= - 4.2 units per second.

y co-ordinateisdecreasing at therate of 4.2 units per second.

Example 16

of unitssold, x, by thedemand equation p = 400- ﬁ) The

cost of producingx unitsisgiven by C(x) = 50x + 16,000. The
number of units produced and sold, x isincreasing at arate
of 200 units per week. When the number of units produced
and sold is 10,000, deter minetheinstantaneousrate of change
with respect to time, t (in weeks) of (i) Revenue (ii) Cost

Theunit price, p of aproduct isrelated to the number

(iii) Profit.
Solution ;
() Revenue R =px
— _ X
(400 - =X )
- o X
R = 400x- X
d _d d, x
dR) = 9 o0 - 9 (X
at (P = g 4009 - 4 (4000
dR _ . X ydx
R = (@00- )2
when x = 10,000, and %: 200
drR _ _ 10,000
R = (400- B®)200)

= Rs. 76,000 per week.

i.e. Revenueisincreasing at arate of Rs.76,000 per week.

(i)

C(x) =50x+ 16,000.

d _d d
£(C) = £.(500) + £.(16,000)
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& =500

dt d
= 509X
50
dx = pgp, AC -
when  Z¥ =200, 5= =50x200

= Rs.10,000 per week.
i.e. Costisincreasing at arate of Rs.10,000 per week.
(i) Profit P=R- C
dP _ dR _ dC

dt d ot
= 76,000 - 10,000
= Rs.66,000 per week.
i.e.  Profitisincreasing at arate of Rs.66,000 per week.

Example 17

If the perimeter of acircleincreasesat a constant rate,
provethat therate of increase of theareavariesastheradius
of thecircle.

Solution :

Let P bethe perimeter and A be the area of the circle of
radius r.

Then P = 2pr and A =pr?

d° _oydr

dA _ dr

= =2pr= e 2

0 Pr o (2)
using (1) and (2) we get,

dA _, dP

dt dt
Since perimeter P increases at a constant rate %’ is constant.

\ dA M r i.etherateof increase of A isproportiona

to the radius.
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Example 18

A metal cylinder isheated and expandsso that itsradius
increases at a rate of 0.4 cm per minute and its height
increases at a rate of 0.3 cm per minute retaining its shape.
Deter minetherate of change of the surface area of the cylinder
when itsradiusis 20 cms. and height is 40 cms.

Solution :
The surface area of the cylinder is
A = 2prh.
Differentiating both sides with respect to ‘t’

dA - 2p %%ﬂhlu

dt dt @

i =2 h=4 l: 4 @: .
Gven r 0, 0, i 04 , it 0.3
\ %A = 2p [20x 0.30 + 40 x 0.40]

= 2p[6 + 16]
= 44p cn? / minute.
Example 19

For the function y=x3 + 21, what are the values of X,
when y increases 75 times as fast as x ?

Solution :
y=x3+21
Differentiating both sides with respect to ‘t’
dy _ o.0dx
=2 =3x222 +0
dt dt
dy _ g0dx
@
iven @Y _ 75 dx
=Y =750X
Given T 5dt
\ e dX = 750X
Xt ot
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x? =25
X +5
Example 20

Thedemand y for a commodity isy =%, wherexisthe

price. Find the rate at which the demand changes when the
priceisRs. 4.

Solution :

The rate of change of the demandy with respect to the price
. dy
is &

We have y = 1—X2

Differentiating with respect to X, we get % =- %

\  Therate of change of demand with respect to price x is- %
When the priceisRs. 4 therate of change of demand is % =- 731

This means that when the price is Rs. 4, an increase in price
by 1% will result in the fall of demand by 0.75%.

EXERCISE 3.2

) Ify= % find the average rate of change of y with respect

to x, when x increases from 20 to 20.5 units. Find also the
instantaneous rate of change of y at x = 20.

2) A point moves on the graph of xy = 8in such amanner that its
y - coordinate is increasing at a rate of 2 units per second,
when the point is at (2, 4). Find the rate of change of thex -
coordinate at that moment.

3) A point moves on the curve 4x? + 2y?> = 18 in such a way that
itsx co-ordinate is decreasing at a rate of 3 units per second
when the point is at (2,1). Find the rate of change of they -
coordinate at that moment.
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4)

5)

6)

8)

9

10)

A point moves along the curve y? = 12x in such away that its
X - coordinate isincreasing at the rate of 5+/2 units per second
when the point is at (3, 6). Show that the y - coordinate
increases at the same rate as that of x - coordinate.

Given are the following revenue, cost and profit equations
R = 800 - i‘— C =40x + 5,000, P=R-C, where x denotes
the number o? units produced and sold (per month). When
the production is at 2000 units and increasing at the rate of
100 units per month, determine the instantaneous rate of
change with respect to time, t (in months), of (i) Revenue
(ii) Cost and (iii) Profit

The unit price, p of some product isrelated to the number
of units sold, x, by the demand function p =200 - %
The cost of producing x units of this product is giverqogy
C =40x + 12,000. The number of units produced and sold x
isincreasing at the rate of 300 units per week. When the number
of units produced and sold is 20,000 determine the
instantaneous rate of change with respect to time, t (in weeks)
of (i) Revenue (ii) Cost (iii) Profit.

Using derivative as a rate measure prove the following
statement : “If the area of acircle increases at a uniform rate,
then the rate of increase of the perimeter varies inversely as
the radius of the circle’.

The radius of a circular plate is increasing at the rate of
0.2 cm per second. At what rate is the areaincreasing when
the radius of the plate is 25 cm.?

A metal cylinder when heated, expands in such away that its
radius r, increases at the rate of 0.2 cm. per minute and its
height h increases at arate of 0.15 cm per minute. retaining
its shape. Determine the rate of change of the volume of the
cylinder when itsradius is 10 cms and its height is 25 cms.

For what values of X, isthe rate of increase of x3- 5x2 +5x+8
is twice the rate of increase of x?
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3.3 DERIVATIVE ASMEASURE OF SLOPE

3.3.1 Slope of the Tangent Line

Geometricallyﬂ represents the slope or gradient of the

X . ,
tangent line tothe curve y = f(X) at the point P(x, y). If qisthe
inclination of the tangent line with the positive direction of X - axis,
then dope of the line (Fig. 3.6).

m=tang = 5 at P(x, y).

yA

A

yv T Fig. 3.6
Note

(i) If the tangent to the curve is pardld to the x-axis, then g = 0
whichimpliestan g =0 \ % = 0 at that point

(i) If the tangent to the curveis pardld to they - axis, then g = 90°
which impliestan q = ¥
\ ay - ¥ or %:Oatthat point
dx dy '
3.3.2 Equation of the Tangent

From Analytical Geometry, the equation of the tangent to the
curve y = f(x) at P(x;, y,) is

y-y, = % (x-x,) Where% is the slope of the tangent at P.
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dy

o y-y=m(x-x) where m:& aPk.
The point P iscalled the Point of Contact.
Note

Two tangents to the curve y = f(x) will be
(i) pardld if the dopes are equal and
(i)  perpendicular to each other if the product of their dopesis- 1.

3.3.3 Equation of the Normal

The line which is perpendicular to the tangent at the point of
contact P(X, y) iscaled normal.

\ The equation of the normal at (x,, y,) is

y-y, =- diy(x- X,), provided %1 0at (x;, ¥y)

dxi

d
ory-y, =- m(x- X)) Wherem:(d—i)at (X5 Yy)-

Example 21

Find the slope of the curvey = X:(' 12,(x 1 4)at the

point (0, 3) and determine the points where the tangent is
parallel to the axis of x.

Solution :
x?-12

X- 4
Differentiating with respect to x, we get

dy _ (x-4)(2x)- (x3-12)(1)

Wehave y =

dx (x- 4)
_ X*- 8x+12
(x- 4)°

\ The slope of the curve at (0, 3) = % at (0, 3)
=3
4
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The points a which tangents are parald to the x -axis are
Yoo

P x?-8x+12=0

P (-2 (x-6)=0 \ x=2,6

when x=2, y=4

when x=6, y=12

given by

\  The points at which the tangents are parallel to thex - axis
are (2, 4) and (6, 12).
Example 22

Determinethevaluesof | and m sothat thecurve,
y = Ix?+ 3x + m may pass through the point (0, 1) and have
its tangent parallel to the x-axis at x = 0.75.

Solution :
Wehave y =Ix2+ 3x + m.
Differentiating with respect to x, we get

% = 2x+ 3.

At x=0.75, ;—di(/ =21(0.75) + 3
=1.5 +3.

The tangent at x = 0.75 is pardléel to the x-axis

\ Atsz.?S,ﬂzo
dx
P 15+3 =0
-. 3 _.
P I= 15 2.

Since the curve is passing through the point (O, 1) we get that
1=1(02+3(0)+m b m=1.
\ |=-2 and m=1
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Example 23

For the cost function y = 2x Xig— + 3, prove that

the marginal cost falls continuously as the output x
increases.

Solution :
We have y = 2x xigg +3
y= 2XX++§X T J— (1)
Marginal cost is%

\ Differentiating (1) with respect to X, we get
dy  (x+3)(4x+8)- (2x +8X) (1)

dx (x+3)?
_2(x? +6x+12) 2 (X% +6x+9+3)
 (x+3)? (x+3)2
aE(x+3) +39
“ ey 2 A T
This shows that as x increases, the marginal cost % decreases.
Example 24

Provethat for the cost function C =100 + X + 2x?, where
x isthe output, the slope of AC curve = %(M C-AC).

(MCisthemarginal cost and AC isthe average cost)
Solution :

Cogt functionis C =100 + x + 2x?

2
Average cost (AC) = W

o
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Slope of AC = % (AC)
1
KR B 2
Margina cot MC = %(C)
= %(100+x+2x2) =1+4x
MC- AC = (1+4x) - (%0+1+2x)
= . 100, o
X
1 _ 1, 100
2(MC- AC) = 2(- 42
Lime- A0y = 1(- 1042y

100
S — (2)

From (1) and (2) we get
Slope of AC = %(MC-AC)
Example 25

Find theequationsof thetangent and normal at the point
2

2
(acosq, bsing) on the dlipse§+§: 1
Solution :

2 2
We have §+§ =1

Differentiating with respect to x, we get

1 1., dy_
¥(2X)+ b—22y&—0

dy _ b?%x
dx B a2y
. dy
Y _ _ bcosqg -
At (acosg, b sing) ax asnq m.
Equation of the tangent is
y- ¥y =m(x- x)
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- ham=. bcosqy, .
P y-bsamng as’nq(x acos))
P aysing- absirfg = - bx cosg + ab cosq
P bx cosg+aysing= ab (sirfq+ cos’q) =ab
Dividing both sides by ‘ab’, we get

gcosq+ %s’nqzl

\  Equation of thetangent is gcosq + %sinq =1
Equation of the normd is
y- ylz'%(x' Xl)
— hany — a3nqg., _
> y-bsng bcosq(x acosq)
=> by co9 - b?€snqcosq = ax sing- a? sing cosy
=> ax sng+ by coxq=singcogy (a2- b?)
When singcosq?t O, dividing by ‘sing cosg’ we get
_ax _ ﬂ =az- p?

cosqg d9nq
\ Theequation of the normal is - - i =a- b?
cosq dSnq
Example 26

Find the equation of the tangent and normal to the
demand curve y=10-3x? at (1, 7).

Solution :

Demand curve y=10- 3x?
Differentiating both sides with respect x, we have

dy _
&—-6X
At(1,7) %:-6:m.

Equation of the tangent is
y- yl = m(X- Xl)
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P y-7 =-6(x-1)
P 6x +y- 13=0.
Equation of the normal is
y-y, =m(x-x)

P oy-7 =-% (x-1)
y-7 = §&-1
6y- 42=x- 1

P x-6y+41=0.

Example 27

Find the points on the curve y = (x- 1) (x- 2) at which
the tangent makes an angle 135° with the positive direction
of thex-axis.

Solution :
We have y = (x-1) (x- 2)
Differentiating with respect to x, we get
Y -2
=2x-3 - (1)
Also the tangent is making 135 with the x-axis.

\' m= % =tam tan 135° = tan (18(° - 45°)
= tan 13%° =- tan 4%
=-1 - (2) =-1

Equating (1) and (2) we get
2x-3=-1 or 2x=2
x=1
Whenx =1, y=(1-1) (1-2) = 0.
\ Therequired point is (1, 0).
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2)

3

4)

6)

8)

9)

10)

11)

EXERCISE 3.3
Find the slope of the tangent line at the point (O, 5) of the

curve y = 1? (x2+10x - 15). Atwhat point of the curve the

slope of the tangent lineis 8 9

5
Determine the coefficients a and b so that the curve
y = ax? - 6x +b may pass through the point (0, 2) and have its
tangent parallel to the x-axis at x=1.5.

For the cost functiony = 3x§ : g g + 5, provethat the marginal

cost falls continuously as the output x increases.

Find the equations of the tangents and normalsto the following
curves

(M y? =4 a (1,2 (i) y = sin atx:%
(i) x> +y?=13 at (-3, -2) (iv)xy =9 atx=4.

(V) y=x?logx atx=e (vijx=acosq,y=bsnq atq=%
Find the equation of the tangent and normal to the supply curve
y=x2+Xx+2 whenx=6.

Find the equation of the tangent and normal to the demand
curve y=36-x> wheny =11

At what points on the curve 3y = x3 the tangents are inclined
at 45° to the x-axis.

Prove that X- + % = 1 touches the curve y = be *'? at the
point where the curve cuts the y-axis.

Find the equation of the tangent and normal to the curve
y(x-2) (x-3) -x + 7 =0 at the point where it cuts the x axis.

Prove that the curves y = x2 - 3x + 1 and x(y+3) = 4 intersect
at right angles at the point (2, - 1).

Find the equation of the tangent and r;ormal at the point
2
(a secq, b tang) on the hyperbola %- 2)/—2 =1
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12)

At what points on the circle X2 + y? - X - 4 + 1 = 0, the
tangent is parallel to (i) x-axis (ii) y-axis.

EXERCISE 34

Choose the correct answer

D

2)

3)

4)

6)

The average fixed cost of the function
C=2¢-3x*+ 4 +8is

2 4 -3 8
(a)i (b) M (c) e (d) M
If 60 units of some product cost Rs. 1400 and 40 units cost
Rs. 1200 to manufacture, then the variable cost per unit is
(@) Rs. 100 (b) Rs. 2600 (c) Rs. 10 (d)Rs. 5
If 20 units of some product cost Rs. 2500 and 50 units cost
Rs. 3400 to produce, the linear cost function is
(a) y = 30x +1900 (b) y = 20x + 5900
(c) y = 50x + 3400 (d) y = 10x + 900
Variable cost per unit is Rs. 40, fixed cost is Rs. 900 and unit
selling price is Rs. 70. Then the profit equation is
(@) P=30x - 900 (b) P=15x - 70
(c) P=40x - 900 (d) P = 70x + 3600
For the cost function ¢ = % €%, the marginal cost is

1 A a2 1 a2x 1
@35 O ©pe @ ge
Given the demand equationp = - x + 10 ; (0<x < 10) where p
denotes the unit selling price and x denotes the number of
units demanded of some product. Then the marginal revenue
a x=3unitsis
(a) Rs. 5 (b) Rs. 10 (c) Rs. 4 (d) Rs. 30
The demand for some commodity is given by g = -3p + 15
(0< p <5) where p istheunit price. The elasticity of
demand is

9p® +15 9p- 45
a b
(8) == () =

15p-9
p

_P_
- p+5

(c) (d)
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8)

9

10)

11)

12)

13)

14)

15)

For the function y = 3x + 2 the average rate of change of
y when x increases from 1.5t01.6 is

(a) 1 (b) 0.5 (c) 0.6 (d) 3.
If y = 2¢% + 3, the ingtantaneous rate of changeof yat x=4is
(a) 16 (b) 19 (c) 30 (d) 4.

If the rate of change of y withrespectto x is6and x is
changing at 4 units/sec, then the rate of change of y per
sec is

(a) 24 units/sec (b) 10 units/sec

(c) 2 units/sec (d) 22 units/sec

The weekly profit P, in rupeesof acorporation is determined
by the number x of shirts produced per week according to
the formula P = 2000x - 0.03x2 - 1000. Find the rate at
which the profit is changing when the production level x
is 1000 shirts per week.

(a) Rs.140 (b) Rs. 2000
(c) Rs.1500 (d) Rs. 1940

The bottom of arectangular swimming tank is 25m by 40m.
Water is pumped into the tank at the rate of 500m/min.
Find the rate at which the level of the water in the tank is
rising?

(a) 0.5m/min (b) 0.2m/min

(c) 0.05m/min (d) 0.2m/min

The slope of the tangent at (2, 8) on the curve y = x%is

(a) 3 (b)12 (c) 6 (d) 8

The slope of the normal to the curve +/x +~/y =5 at (9, 4) is
2 .2 3 .3

(@ 5 -5 ©3 -3

For thecurvey = 1 + ax - x> the tangent at (1, - 2) isparallel
to x-axis. The value of ‘a’ is

(@) -2 (b) 2 ()1 (d-1
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16)

17)

18)

19)

20)

The slope of the tangent to the curve y = cost, x =sin t at

t:%is
(a1 mo  ©F (-1

The point at which the tangent to the curve y? = x makes an

angle % with the x-axis is

@5, %) ®G.3) OEF.3) -

The tangent to the curvey = 2- x +1 at (1, 2) is parallel to
theline

(@y=XX (b)y = x+4

(c)2X+y+7=0 (dy=5-7

The slope of the tangent to the curve y = x? - logx at x = 2is
7 2 7 2

@ > (b) - (c) - > (d) - a

The slope of the curve x = y? - By at the point where it crosses
they axisis

(@) 5 (b)-5 © + (d)- 5=
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APPLICATIONS 4
OF DIFFERENTIATION-II

The concept of maxima and minima is gpplied in Economics
to study profit maximisation, inventory control and economic order
quantity.

Weadsolearn what apartia derivativeisand how to caculate
it. Application of partial derivatives are aso discussed with the
production function, margina productivities of labour and capitd
and with partia elasticities of demand.

41 MAXIMA AND MINIMA

4.1.1 Increasing and Decreasing Functions

A function y =f(x) issaid to be an increasing function of x
inaninterval, say a <x<b,if y increasesas x increases. i.e. if
as<x, <x,<b, thenf(x)) <f(x,).

A function y = f(x) issaid to be a decreasing function of x
inaninterval, say a < x < b, if y decreases as x increases.
e if a<x <x,<b, thenf(x) >f(x).

4.1.2. Sign of the derivative

Let f beanincreasing function defined in aclosed interval
[a,b]. Thenfor ary two values x, and x, in [a, b] with x, < X,,
we have f(x,) < f(x,).

\ f(x) <f(x) and x,- x,>0
5 f00)- £00)
%X

oLt f0)- F(x)

Xo® X% Xz:
P f&x)>0fordl xT1 [ab].

Smilarly, if f isdecreasing on [a,b] thenf&x) < 0O, if the
derivative exists.

>0, if thislimit exigts.
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The converse holds with the additional condition, that f is
continuous on [a, b].

Note

Let f be continuouson [a,b] and has derivative at each point
of the open interva (a,b), then

() Iff&x)>0foreveryx1 (ab),then f isdrictly increasing on

[a,b]

(i) Iff&x) <Oforevery x1 (ab), then f isstrictly decreasing
on [a,b]

(i) 1ff&x)=0forevery x1 (ab), then f isaconstant function
on [a,b]

(iv) Iff&x)>0foreveryxi (ab), then f isincreasingon [a,b]

(v) Iff&x)<O0foreveryxl (ab),then f isdecreasing on[a,b]
The above results are used to test whether agiven function is

increasing or decreasing.

4.1.3 Stationary Value of a Function

A function y = f(x) may neither be an increasing function nor
be a decreasing function of x at some point of the interval [a,b]. In
such acase, y =f(x) iscalled Sationary at that point. At astationary
point f €x) = 0 and the tangent is pardlel to thex - axis.

Example 1
If y:x-%,provethat y isastrictly increasing function
for all real valuesof x. (x1 0)

Solution :
Wehavey =X - %
Differentiating with respect to x, we get

% =1+ % > Qforal vauesof x, except x=0

\ y isadrictly increesng function for dl red vauesof x. (x*0)
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Example 2

Ify= 1+%,showthat y isastrictly decreasing function
for all real valuesof x. (x* 0)

Solution :

We havey = 1+%

dy _ 41 1
& 0 X2<0foral|va|uesof X. (x10)

\ vy isadrictly decreasing function for dl rea values of x.
(x*0)

Example 3

Find therangesof valuesof x inwhich 2x3 - 9x? +12x +4
isstrictly increasing and strictly decreasing.

Solution :
Lety = 23- Ox?+ 12x+ 4

ﬂ: 6x%- 18x + 12
dx

=6(x2- 3x +2)

=6(x- 2) (x- 1)
dy
-2 >0whenx<1 orx>2
dx
x liesoutside the interval (1, 2).
ﬂ <0Owhenl<x<?2
dx

\ Thefunctionisdgtrictly increasing outside theinterval [1, 2]
and dtrictly decreasing in the interval (1, 2)
Example 4

Find the stationary points and the stationary values of
thefunction f(x) = x3- 3x?-9x + 5.

Solution :
Let y=x3- 3x2- 9x+5
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dy =3x2- 6X- 9
dx

At stationary points, % =0
\ 3x2- 6x-9 =0
P x2-2x-3 =0
P (x+1)(x-3)=0
The stationary points are obtained whenx = -1 and x =3
when x=-1, y=(-1)3%- 3(-1?-9(-1)+5=10
when x=3, y=(3) - 3(3)?- 9(3) +5=-22
\ The stationary values are 10 and - 22
The stationary points are (- 1, 10) and (3, - 22)

Example5

For the cost function C = 2000 + 1800x - 75x2 + x3 find
when thetotal cost (C) isincreasing and when it isdecreasing.
Also discuss the behaviour of the marginal cost (MC)

Solution ;
Cost function C = 2000 + 1800x - 75x2 + x°

9C _ 1500 - 150x + 3x2
dx
g—g -0 b 1800- 150x + 3x2 = 0
b 3x2- 150x + 1800 =0
b x2- 50x +600=0
b (x- 20) (x- 30)=0
b x=20 or x=30
0 20 30 i
For ,
. dc L dc
0] O<x<20,&>0 () x =10then dXs:600>0
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dC dC _

(i) 20<x<30, IS 0 (ii)) x =25 then Vil 75<0
. dc L dc _
i) x>30 ; ax 0 (iif) x = 40 then X - 600> 0

\  C isincreasing for 0 <x <20 and for x > 30.
Cisdecreasing for 20 <x < 30

d
mMc =3 ()

\  MC =1800- 150 + 3¢
£ (MC) =- 150 + 6x

£ MC)=0 b 6x=150
P x=25.

0 25

\4

For,
() 0<x <25, S (MC)<0 | ()x=10then S (MC)=-90< 0

.. d o d _
(ii) x > 25, &(M C) >0 (i)x =30 thendx (MC)=30>0
\ MCisdecreasing for x < 25 and increasing for x > 25.

4.1.4 Maximum and Minimum Values
Let f beafunction defined on [a,b] and ¢ aninterior point
of [a,b] (i.e.) c isintheopeninterva (a,b). Then

(i) f(c) is sad to be a maximum or relative maximum of the
function f atx =cif thereisaneighbourhood (c- d, ¢ +d) of
¢ suchthatforal x1 (c- d, ¢+ d) other than c, f(c) >f(X)

(i) f(c) issadtobeaminimum or reative minimum of thefunction
fat x = c if thereisaneighbourhood (c- d, c +d) of ¢ such
that for dl x1 (c- d, ¢ +d) other than ¢, f(c) <f(x).
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(i) f(c) issad to be an extreme value of f or extremum at c if it
Is @ther a maximum or minimum.
4.1.5 Local and Global Maxima and Minima
Consider the graph (Fig. 4.1) of the function y = f(x).
y A

Fig. 4.1

The function y = f(X) has severd maximum and minimum

points. AtthepointsV,,V,, ...V, % =0. Infact the function has
maximaat V,, V,, V., V. and minimaa V,, V,, V, V,. Note that
maximum vaue at V; is less than the minimum vaue a V,. These
maximaand minimaare called local or relative maximaand minima.
If we consider the part of the curve between A and B then the
function has absolute maximum or globa maximum at V, and
absolute minimum or globa minimum at V,.

Note

By the terminology maximum or minimum we mean local
maximum or loca minimum respectively.

4.1.6. Criteriafor Maxima and Minima.

Maximum Minimum
- dy _ dy _
Necessary condition i 0 I 0
. N} dy _ . d’y dy . d%
Sufficient condition &—0, Ve <0 &—O, o >0
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4.1.7 Concavity and Convexity
Consider the graph (Fig. 4.2) of the function y = f(x).
Let PT be the tangent to the curve y = f(x) at the point P.

The curve (or an arc of the curve) which lies above the tangent line
PT is said to be concave upward or convex downward.

yA y =f(x)

»
>

Ol T X

Fig. 4.2

Thecurve (or an arc of the curve) which lies below the tangent
line PT (Fig. 4.3) issaid to be convex upward or concave downward.

yA

p V=0

>
>

olT Fig. 4.3 X

4.1.8 Conditionsfor Concavity and Convexity.
Let f(x) betwice differentiable. Then the curve y = f(x) is
(i) concave upward on any interva if f@&Xx) >0
(i)  convex upward on any interva if fd&Xx) <0
4.1.9 Point of Inflection

A point on acurve y = f(x), where the concavity changes
from upto down or vice versais caled a Point of Inflection.
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For example, iny = X3 (Fig. 4.4) has a point of inflectionatx =0

Fig. 4.4

4.1.10 Conditionsfor point of inflection

A point (c, f(c)) on acurve y = f(x) isapoint of inflection
(i) if fac) = 0 orf &c)isnot defined and (ii) if f &) changessign
asx increasesthrough c i.e. f@c) * Owhen f @x) exists

Example 6

Investigate the maxima and minima of the function
23 + 3x? - 36x + 10.

Solution :
Let y=2x+3x?>- 36x + 10
Differentiating with respect to x, we get

Y o eetex- 36 00 oo
I = 6x?>+ 6x - 36 (1)
%=OD 6X2 + 6x - 36 =0
P x2+x-6=0
P (x+3) (x-2)=0
P x=-3,2
Again differentiating (1) with respet to x, we get
d?y
v =12x+6
d’y
when x =- 3, dX2:12(-3)+6:-30<0
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\  Itatansmaximumatx =- 3
\  Maximumvdueis y=2(- 3)°+ 3(- 3)?- 36(-3) + 10=91

2

d7y
5o =122 +6=30>0

\ Itatansminimumatx =2
\ Minimumvdueis y=2(2)* + 3(2)?- 36(2) + 10=-34

when x =2,

Example 7

Find the absolute (global) maximum and minimum values
of the function f(x) = X°- 25x® + 60x + 1 in the interval
[-2 1]
Solution :

Given f(x) =3x°- 25x°+ 60x + 1

f(x) = 15x* - 75x2 + 60

The necessary condition for maximum and minimum is

f€x)=0

P 15x4- 75x2+60=0

P x*- 5x2+4=0

P x*- 4x2- x2+4=0

P (x2- 1) (x*- 4)=0
\ X=+1,-2, 21 [-2, 1))

f @(x) = 60x® - 150x

fa(-2) =60(- 2)°- 150(-2) =-180<0

\ f(X) ismaximum.

fa(-1) =60(- 1)%- 150(-1) =90>0

\' f(X) isminimum.

fa(l) =60(1):- 150(1)) =-90<0

\ f(X) is maximum.

The maximum valuewhenx = -2 is
f(-2)=3(-2)%- 25(-2)°+60(-2) + 1 =-15
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The minimum vauewhenx = -1 is
f(-1) =3(-1)5- 25(- 1) +60(-1) + 1=-37

The maximum vauewhenx =1 is
f(1) =3(1)°- 25(1)*+60(1) + 1 =39
\ Absolute maximum value = 39.
and Absolute minimum vaue = - 37

Example 8
What isthe maximum slope of the tangent to the curve
y=-x3+ 3x?+9x - 27 and at what point isit?
Solution :
Wehave y=-x3+ 3x2+9x - 27
Differentiating with respect to X, we get

Y - 3¢+ 6x+9
dx
\ Slope of the tangent is- 3x? +6x + 9

LetM =-3x2+6x+9

Differenating with respect to x, we get
av

ax =-6X+6 ------------ (1)d2

. : dm _ M
Sope is maximum when ax - 0 and e <0

M _ob -ex+6=0

dx

P x=1
Again differentiating (1) with respect to X, we get
2
ddxl\f =-6<0,\ Mismaximumax=1

\ Maximum valueof M whenx = 1is
M =-3(1)?2+6(1)+9 =12
Whenx =1; y=- (1) +3(1)?> +9(1)- 27 =-16
\ Maximum dope =12
Therequired point is (1, -16)
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Example 9
Find the points of inflection of the curve
y=2x*- 4x3 + 3.

Solution :

Wehave y=2x*- 4x3+ 3

Differentiate with respect to x , we get

Y g 120
dx
d?y
W: 24x2 - 24x
d’y
52 =0 P 24x(x-1)=0
, P x=0,1
dy
v =48x - 24
d®y
h =0,1 10.
when x v

\  pointsof inflection exist.
when x =0, y=2(0)*- 4(02*+3=3
when x=1, y=2(1)*- 4(1)*+3=1
\ Thepoints of inflection are (0, 3) and (1, 1)
Example 10

Find the intervals on which the curvef(x) = x3- 6x2+9x- 8
is convex upward and convex downwar d.

Solution :
We havef(x) =x®- 6x2+ 9x - 8
Differentiating with respect o X,
fEx) = 3x?- 12x+9
fa(x) =6x- 12
fax)=0pP 6(x- 2)=0 \ x=2

K
N ==
A
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For

() -¥ <x<2,fdx)<0 (()x=0thenfd®x) =-12<0
(i) 2<x<¥,f@€(x)>0 (i) x=3thenf®x)=6>0

D
2)
3

4)

6)

8)

9
10)

\ The curveis convex upward in the interva (- ¥, 2)
The curve is convex downward in the interval (2, ¥)

Exercise4.1

Show that the function x® + 32 + X + 7 is an increasing
function for all real values of x.

Prove that 75 - 12x + 6x*> - x> always decreases as X
increases.

Separate the intervals in which the function x® + 8?2 +5x - 2
isincreasing or decreasing.

Find the stationary points and the stationary values of the
function f(x) = 2¢ + 3% - 12x + 7.

For the following total revenue functions, find when the total
revenue (R) is increasing and when it is decreasing. Also
discuss the behaviour of marginal revenue (MR).

(i) R=-90+6x? - x* (ii) R =-105x +60x° - 5x3

For the following cost functions, find when the total cost (C)
is increasing and when it is decreasing. Also discuss the
behaviour of marginal cost (MC).

(/) C=2000 + 600X - 45¢ + x* (i) C = 200 + 40x - = X2,

2
Find the maximum and minimum vaues of the function
i) x®-6x2+7 (i) 23- 16x2+ 24x - 15
(if) %2 + 22 (iv) X - 6X2 + O+ 15

Find the absolute (global) maximum and minimum values of
the function f(x) = 3x® - 25x® + 60x + 15 in the interval

3
[- E ’ 3]
Find the points of inflection of the curvey = x* - 4x® + 2x+3.

Show that the maximum value of the function
f(x) = x3- 27x + 108 is 108 more than the minimum value.
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11)
12)

13)

14)

15)

Find the intervalsin which thecurve y = x* - 3x3 + 3x + 5x + 1
is convex upward and convex downward.

Determine the value of output g at which the cost function C
=@g?- 6q + 120 is minimum.

Find the maximum and minimum values of the function
x®- 5x*+ 5¢ - 1. Discussits natureat x = 0.

Show that the function f(x) = x? + % has a minimum value

atx =5,

2 3
The total revenue (TR) for commodity x isSTR= 12x+X7 - %
Show that at the highest point of average revenue (AR),
AR=MR (where MR = Margina Revenue).

4.2 APPLICATION OF MAXIMA AND MINIMA

The concept of zero dope hel ps usto determine the maximum

vaue of profit functions and the minimum value of cost functions.
In this section we will analyse the practical application of Maxima
and Minimain commerce.

Example 11

A firm produces x tonnes of output at a total cost

C= (%XL 5x? + 10x +5). At what level of output will the

marginal cost and the average variable cost attain their
respective minimum?

Solution :
Cost C(x) = Rs.(l—% X3- Bx2 + 10X +5)
Marginal Cost = %(C)
I
MC = 10X 10x + 10
Vaiadle cost

Average variable cost = -

AVC = (%xz- 5x + 10)
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() Let y=MC= 53~ 10x+ 10

Differentiating with respect to x, we get

dy _ 3
-5 x- 10
. N d’y
Margind costisminimumwhen ——==0and -5 >0
dx dx
dy_op 3 _ _ 50
&—Ob 5 X~ 10=0 orx = 3
_50 dy _3 —
when x = 3 e -5 >0\ MCisminimum.
\ Magind cog atansits minimum at x = 5—39 units.
i) Letz=AVC= %)xz- 5x + 10
Differentiating with respect to x, we get
d_ 1,
dx ~ 5% 5 ,
AVC isminimum when &z_ 0, and d_zz >0
dx dx
9z _gp 1, 5= _
Ix =0pb EX- 5=0Pp x=25.
_ d’z _1 N B .
when x = 25, W -E >0 \ AVCisminimum ax = 25 units.

\ Average variable cost attains minimum at X = 25 units.

Example 12

A certain manufacturing concern hastotal cost function
C =15+9x- 6x2 +x3. Findx, when thetotal cost isminimum.

Solution :
Cost C=15+9x - 6X2 + X8

Differentiating with respect to x, we get

i:—9-12x+3x2 .......... (1)

dx ~
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dc d’C

Cog is minimum when X =0 and d—X2>O
%(: —0 b 3x- 12x+9=0
X?-4x+3=0

P x=3 x=1
Differentiating (1) with respect to x we get

2
(:IXCZ: =-12 + 6X
. d’Cc _ _ ) )
whenx=1: v =-12+6=-6<0\ Cismaximum
_ d’c _ _ .
whenx = 3, N =-12+18=6>0 \ Cisminimum

\ whenx =3, thetota cost is minimum
Example 13
Therelationship between profit P and advertising cost

X isgiven by P:gggg);

- X. Find x which maximises P.
Solution :
. _ 4000 x
Profit P= E00 £ x

Differentiating with respect to x we get
dP _ (500+ x)4000- (4000x)(1) 1

X

dx ~ (500 + x)*
= o L 1)
Profit is maximum when ?_df() =0 and 3—)2;< 0
oo W,
P 2000000 = (500 + X)?

b 1000x /2 =500 +x
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1000 x 1.414 = 500 + x
X =914,
Differentiating (1) with respect to x we get
d’P _ 4000000
d (500+ X)*

d?’P
\ whenx =914 ; e

<0 \ Prdfitis maximum.

Example 14

The total cost and total revenue of a firm are given by
C=x3- 12x2+ 48x + 11 and R =83x - 4x? - 21. Find the
output (i) when the revenue is maximum (ii) when profit is
maximum.

Solution :
() Revenue R=83x- 4x2- 21
Differentiating with respect to x,

dR
ax = 83- 8x
d’R
dx? =-8
Revenue is maximum when gR 0 and Cclj <0
dR _ 83
X =0b 83-8x=0 \ x= 8
d'R =-8<0. \ Rismaximum
dx?
\ When the output x = %3 units revenue is maximum

(i) Profit P=R- C
= (83x- 4x%2- 21)- (x®- 12x2+ 48x + 11)
= -x®+ 8x?+ 35x - 32
Differentiating with respect to X,

9P 324 16x + 35

dx
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2
d’P 6x + 16

e T
2
Profit is maximum when dap _ 0 and d—f <0
dx dx

v P 3+ 16x+35=0

dx

=>3x2- 16x- 35 =0

=>(3x+5) (x-7)=0

:>x:§orx=7

_-5 dP_ -5 _ S
WhenX—?, v —-6(?)+16— 26> 0\ Pisminimum

2

whenx =7 I:)—-6(7)+16:-26<0 \ Pismaximum

’ dX2 -
\ when x =7 units, profit is maximum.

Example 15

A telephone company hasa profit of Rs. 2 per telephone
when the number of telephones in the exchange is not over
10,000. Theprofit per telephone decreases by 0.01 paisa for
each telephone over 10,000. What isthe maximum profit?

Solution :
Let X be the number of telephones.
The decrease in the profit per telephone
= (x - 10,000) (0.01), x > 10,000.
= (0.01x - 100)
The profit per telephone
= 200- (0.01x - 100)
= (300 - 0.01x)
The total profit for x telephones
= Xx(300 - 0.01x)
= 300x - 0.01x?
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Let thetotal profit P=300x - 0.01x?
Differentiating with respect to x, we get

% =300- 0.02x --------- (1)
Conditions for the maximum profit are
dP _ d’P
% =0pb 300- 0.02x=0
X
— 300 _
P x= 40z = 15.000.
Differentiating (1) with respect to x we get
2
gxf =-002<0 \ Pismaximum

\  when x = 15,000, the maximum profit
P = (300 x 15,000) - (0.01) x (15,000)? paise
= Rs. (45,000 - 22,500) = Rs. 22,500
\ Maximum profit is Rs. 22,500.

Example 16

Thetotal cost function of afirmisC :%x3— 5x2+28x +10

where x is the output. A tax at Rs. 2 per unit of output is
imposed and the producer adds it to his cost. If the market
demand function isgiven by p = 2530- 5x, where Rs. pisthe
price per unit of output, find the profit maximising output and
price.

Solution :
Total Revenue (R) = px
= (2530 - 5x)x = 2530x - 5x?
Tota cost after the imposition of tax is

C+2x = Lx3- Bx2 +28x +10 +2x

Wl W

x3- 5x2+ 30x + 10
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Profit = Revenue- Cost
= (2530 - 5%2) - (3%~ 52 +30x + 10)
P =- 1 x*+2500x - 10

Differentiating P with respect to x,

@ _
x - Xt 2500 e (1)
Conditions for maximum profit are
P _ d’P
% =0 P 2500- x2=0
P x2=2500 or x=500
Differentiating (1) with respect to x
d’P _
e 2X
_ d’P _ . :
When x = 50, N =-50<0 \ Pismaximum

\  Profit maximising output is 50 units

When x =50, price p =2530- (5x 50)
= 2530- 250 = Rs. 2280

4.2.1 Inventory Control

Inventory is defined as the stock of goods. In practice raw
materia sare stored upto a capacity for smooth and efficient running

of business.
4.2.2 Costs Involved in Inventory Problems

(i) Holding cost or storage cost or inventory carrying

cost. (C))

The cost associated with carrying or holding the goodsin stock

is known as holding cost per unit per unit time.
(i)  Shortage cost (C,)

The penalty costs that are incurred as a result of running out

of stock are known as shortage cost.
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(iii) Set up cost or ordering cost or procurement cost : (C,)

Thisis the cost incurred with the placement of order or with
the initid preparation of production facility such as resetting
the equipment for production.

4.2.3 Economic Order Quantity (EOQ)

Economic order quantity isthat size of order which minimises
total annua cost of carrying inventory and the cost of ordering under
the assumed conditions of certainty with the annual demandsknown.
Economic order quantity is also called Economic lot size formula.

4.2.4 Wilson’s Economic Order Quantity Formula

The formulais to determine the optimum quantity ordered
(or produced) and the optimum interval between successive orders,
if the demand is known and uniform with no shortages.

L et us have the following assumptions.
() Let R betheuniform demand per unit time.
(i)  Supply or production of itemsto theinventory isinstantaneous.
(iif) Holding cost is Rs. C, per unit per unit time.

(iv) Letthere be n orders (cycles) per year, each time g units
are ordered (produced).

(v) Let Rs C, be the ordering (set up) cost per order (cycle).
Let t bethe time taken between each order.

Diagramatic representation of this model is given below :

yﬂ
P q q
d
1l
(e
A »
O®t—1 ® t- ® 1t~ X

Fig. 45
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If a production run is made a intervas t, a quantity q = R
must be produced in each run. Since the stock in small time dt
is Rt dt, the stock in period t is

t
Rt =1 Re
0
=2q  (ERt=q)
= Area of the inventory triangle OAP (Fig. 4.5).
Cost of holding inventory per production run = %Cl Rt
Set up cost per productionrun = C,.
\ Total cost per productionrun = %Cl Rt? + C,
Average total cost per unit time
_1 C,
C(t) = 5C, Rt + - T (1)

2
C( isminimumif $C(t) =0 and % C(t) >0

Differentiating (1) with respect to t we get

C3
z T (2)

d _ 1 G, _
GCH =0 P 5CR-7F=0

NES
t=4CR

Differentiating (2) with respect to t, we get

d2 2C
@z C0=

Thus C(t) isminimum for optimum time interval

ES
L=CR

Optimum quantity ¢, to be produced during each production run,

d _1
5 C) = 5C,R-

3

>0, whent = CR
1
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2CR
EOQ=0,= R, = | ¢

This is known as the Optimd Lot - size formula due to Wilson.
Note : (i) Optimum number of orders per year

_ demand - R C, |RC, 1
M= "E0Q T ™2CR T\2C, T ¢,

(i)  Minimum average cost per unit time, C, = /2C,C,R

(i) Carrying cost = q° x C,, Ordering cost = q_ xC,
0

(iv) At EOQ, Orderi ng cost = Carrying cost.
Example 17

A manufacturer hasto supply 12,000 units of a product
per year to his customer. The demand is fixed and known
and no shortages are allowed. Theinventory holding cost is
20 paise per unit per month and the set up cost per run is
Rs.350. Determine (i) the optimum run size q, (ii) optimum
scheduling period t; (iii) minimum total variable yearly cost.

Solution :

12,000
12
20 paise per unit per month

= Rs. 350 per run.
- ZC R 2” 350”1000
® 0.20

= 1,870 unlts/ run.

_ [2C; _ | 2730 _
=GR ~ V020" 1000 - 20 9&ys

(i) C,=.2C,C,R = /27 0.20" 12" 350" (1000" 12)
= Rs.4,490 per year.

Supply rate R
C

1

= 1,000 units / month.
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Example 18

A company uses annually 24,000 units of raw materials
which costs Rs. 1.25 per unit, placing each order costs Rs.
22.50 and the holding cost is 5.4% per year of the average
inventory. Find the EOQ, time between each order, total
number of orders per year. Also verify that at EOQ
carrying cost is equal to ordering cost
Solution :

Requirement = 24,000 units/ year

Ordering Cost (C,) = Rs.22.50

Holding cost (C,) =5.4% of the value of each unit.

_ 54
= 100 % 1,25
= Re.0.0675 per unit per year.
_ /2R03 _ [272400" 225 _ -
EOQ = C, = 0.0675 = 4000 units.

g, _ 4000 _ 1
R _ 24000 67X

_R _ 24000 _
Number of order per year = G = 2000 - 6

Time between each order =t =

At EOQ carrying cost = % xC, = 4020 x0.0675 =Rs.135

: - R _ 24000 -
Ordering cost = % xCy = Top0 % 2250 = Rs.135

Example 19

A manufacturing company purchases 9000 parts of a
machinefor itsannual requirements. Each part costs Rs.20.
The ordering cost per order is Rs.15 and carrying charges
are 15% of the average inventory per year.

Find (i) economic order quantity
(if) time between each order
(i) minimum aver age cost
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Solution :
Requirement R = 9000 parts per year

C 15% unit cost

1

= 100 x 20 = Rs.3 each part per year.

= Rs.15 per order

/ZC R [
EOQ 2 15 9000

=300 unlts.
_ % _ 300 _1
b =R T ~ 30 Y
= ?;%5 = 12 days (approximately).

Minimum Average cost = ,/2C,C,R

= 2737159000 =Rs.900

EXERCISE4.2
1) A certain manufacturing concern has the total cost function

C= %xz - 6x + 100. Find when the total cost is minimum.

2) A firm produces an output of x tons of acertain product at a

total cost given by C = 300x - 10x? + %X? Find the output at

which the average cost is least and the corresponding val ue of
the aveage cost.

3) The cost function, when the output is x, is given by

C =x(2e*+e*). Show that the minimum average cost is 2./2.

4) A firm produces x tons of a valuable metal per month at a

total cost C givenby C = Rs.(%x3 - bx2 + 75x + 10). Findat
what level of output, the marginal cost attains its minimum.

155



6)

8)

9

10)

11)

12)

A firm produces x units of output per week at atotal cost of
Rs. (%x3 - X2 + 5x+ 3). Findthelevel at which the marginal

cost and the average variable cost attain their respective
minimum.

It is known that in a mill the number of labourers x and the

total cost C arerelated by C = ﬁ+ %x. What value
of x will minimise the cost?

3
R=2Ix- x?and C = X?-3x2 + O + 16 are respectively the
sales revenue and cost function of x units sold.

Find (i) At what output the revenue is maximum? What is
the total revenue at this point?

(if) What is the marginal cost at a minimum?
(iif) What output will maximise the profit?

A firm has revenue function R = & and a production cost

&x?> 0

function C = 150000 + 60 50 ; . Find thetotal profit function

and the number of units to be sold to get the maximum profit.

A radio manufacturer finds that he can sell x radios per week

at Rs p each, where p = 2(100- %). His cost of production

2
of x radios per week is Rs. (120x+ X7). Show that his profit

is maximum when the production is 40 radios per week. Find
also his maximum profit per week.

A manufacturer can sell x items per week at a price of
p =600 - 4x rupees. Production cost of x itemsworks out to
Rs. C where C = 40x + 2000. How much production will
yield maximum profit?

Find the optimum output of a firm whose total revenue and
total cost functions are given by R =30x - x? and C=20+4x, X
being the output of the firm.

Find EOQ for the data given below. Also verify that carrying
costs is equal to ordering costs at EOQ.
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13)

14)

15)

[tem | Monthly Ordering cost Carrying cost
Requirements | per order Per unit.
A 9000 Rs. 200 Rs. 3.60
B 25000 Rs. 648 Rs. 10.00
C 8000 Rs. 100 Rs. 0.60

Calculate the EOQ in units and total variable cost for the
following items, assuming an ordering cost of Rs.5 and aholding
cost of 10%

ltem Annua demand Unit price (Rs))
A 460 Units 1.00
B 392 Units 8.60
C 800 Units 0.02
D 1500 Units 0.52

A manufacturer has to supply his customer with 600 units of
his products per year. Shortages are not allowed and storage
cost amounts to 60 paise per unit per year. When the set up
cost is Rs. 80 find,

(i) the economic order quantity.

(i) the minimum average yearly cost

(iii) the optimum number of orders per year

(iv) the optimum period of supply per optimum order.

The annual demand for an item is 3200 units. The unit cost is
Rs.6 and inventory carrying charges 25% per annum. If the
cost of one procurement is Rs.150, determine (i) Economic
order quantity. (ii) Time between two consecutive orders
(iii) Number of ordersper year (iv) minimum average yearly cost.

4.3 PARTIAL DERIVATIVES
In differential calculus, so far we have discussed functions of

one variable of the form y = f(x). Further one variable may be
expressed as a function of several variables. For example,
production may be treated as a function of labour and capital and
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price may be afunction of supply and demand. In general, the cost
or profit depends upon a number of independent variables, for
example, prices of raw materials, wages on labour, market
conditions and so on. Thus a dependent variable y depends
on a number of independent variables x,, x,, X,..X . Itis
denoted by y = f(x,, x,, X,..x ) and is cdled a function of n
variables. In this section, we will restrict the study to functions of
two or three variables and their derivatives only.

4.3.1. Definition

Let u =f(x, y) beafunction of two independent variables x
and y. The derivative of f(x, y) with respect to x, keeping y
constant, is called partia derivative of u with respect to x andis
denoted by % or % orf or u,. Smilarly we can define partial
derivative of f with respect to y.

Thus we have
o o 2 fx+Dxy)- f(xy)
x Dx®0 Dx
provided the limit exigts.
(Here y isfixed and Dx is the increment of X)

§if f(x,y+Dy)- f(xy)
Also Ty~ D)ll_(F%O = Dy

provided the limit exigts.
(Here x isfixed and Dy isthe increment of ).

4.3.2 Successive Partial Derivatives.
i plii

The partid derivatives ™ and T are in generd functions
i

, . : f :
of x and y. Sowecan dlfferentlatefunctlonsﬂ and% partialy
with respect to x and y. These derivatives are caled second

order partia derivatives of f(X, y). Second order partial derivatives
are denoted
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qafe_ 1f
by ™ &MX g x2 =Ty

LI L- O
iy &yo ™ fy7  w
fo i

l?I_g = —ﬂ =f

T éfyg  Txfy v

1ate_ 1°f .

Ty &5~ Tyfix ~

Note
If f, f,, f, arecontinuousthenf, =f

4.3.3 Homogeneous Function

A function f(x, y) of two independent variable x and y
is said to be homogeneous in x and y of degree n if
f(tx, ty)=t"f(x, y) fort > 0.

4.3.4 Euler’s Theorem on Homogeneous Function

Theorem : Let f be a homogeneous function in x and y of
degreen, then
AL i
X x +y.”y =n f.
Corrollary : Ingenerd if f(x,, X,, X,...X ) isahomogeneous function
of degree n invaridblesx,, X,, X,...X_, then,

17 21 N3t
fif plii i it _
Example 20

It u(x,y) =1000 - x3- y? + 43y + 8y, find each of the
following.
Uy U g Pu . T2u T2 T2
(I) ﬂX (”) ﬂy (”I) ﬂXZ (IV) ﬂyz (V) ﬂXﬂy (VI) ﬂyﬂx
Solution :
u(x, y) = 1000 - x3- y2 + 4x3y6 + 8y
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() o =k (1000- -y + 4y + 8y)
=0- 3x2- 0+4 (3 +0

=-3x% + 12x34.

M qy = 1}]—y (1000- X3 - V2 + 4x3y° + 8y)
=0- 0- 2y + &3(6y) + 8
= Dy + 24x%p + 8

o Tu _ 1 dug
(i”) ﬂX2 _ﬂ_X ﬂXﬂ

hia
X (- 3x2 + 12x?yP)

= - 6X +12(2X)y°
= - 6X + 24xy°®

-~ TPu _ T emud

™ g2 =y Sy,

Ty 2+ 245y + 8
= L2+ 24¢(5y") + 0

=-2 + 120x%y*
T°u _ 7 &uod
V) Ty 8‘ﬂyg

= % (- 2y + 24x%y + 8)
=0+ 24(3x)yf + 0

= 72x%y°
: %u _ 1 a4ub
M gy = Ty ¥ixa

= ‘Hy( 3x2 + 12x2y)
= 0 + 12x3(6y°) = 72x%yP
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Example 21
If f(x,y) = 3x2+ 4y® + 6xy - x2y*+5find (i) f (1, -1)
(i) f,,(1, 1) (ii)f, (2, 1)
Solution :
i) fxX,y)=3x2+4y°+6xy- x3*+5

=) = @+ a0+ bxy - 3y +5)
=6x+0+6(Ly- ()y+0
= 6X + 6y - 2xy°.

f(1,-1) =6(1) +6(-1) - 2(1)(-1)°=2

() f,=g () =5 @+ a5+ 6xy- Xy +5)

=12y? + 6x - 3x?y?

_1&f0
wo T EWs
1
= qy (12y° + 6x - 3x%y)
= 24y - 6Xx%y
\ f (L, 1) =18
_ 1 ﬁlg _ 1 ]
@1, = ¢ 8y 5 = x (127 6 36
=6- 6xy?
\ f(21) =-6
Example 22
If u=log./x2+y?+z? , then provethat
Tu_ Tu_ Tou _ 1
0o Ty T2 T ey 2
Solution :
Wehave u= %Iog R+y+22) e (1)
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Differentiating (1) partidly with respect to X,
w _1 2X _ X
ﬂ_X —2X2+y2+22—x2+y2+22

Tu _ g afus
%> = x éfx@

e x 0 (XHy’+Z°)(D- X2
S Eery 2T ey )
_ X2+y2+22- 2%2 - x2+y2+22
(X2+y2+22)2 - (X2+y2+22)2
Differentiating (1) partialy with respectto y we get,
u X
Ty ~— xX+y*+27°
Tu _ (X+y* +2)D)- yRy) -y +Z+X
ﬂyZ - (X2+y2 +22)2 - (X2+y2+22)2
Differentiating (1) partially with respect to z we get,
v ___Z
1z - x2+y2+22
Pu _ (Y +2)D- 222) -+ +y
ﬂZZ - (X2+y2 +22)2 - (X2+y2+22)2
ﬂZu ﬂZu ﬂzu _X2+y2+22_y2+22+x2_22+xz+y2
2t otz = 21 24 22
i w1z (xX*+y"+7)
X2+y2+22 1

= (x2+y2+22)2 = x2+y2+22

Example 23
Verify Euler’stheorem for the function
u(x, y) =x3 + y* + xy.
Solution :
Wehaveu(x, y) = x3+ 3 + X%y  ------m-- (1)
u(tx, ty)=t3x3 + 3y + t2x2 (ty)
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=P+ +xy) =t ux,y)
\ u is a homogeneous function of degree 3 inx andy.

- W, Ju _
We have to verify that x x tyqy = 3u.

Differentiating (1) partialy with respect to X, we get

Ju

X 32 + 2xy

Ju —
\' X x 3x3 + 2x%y
Differentiating (1) partialy with respect to y, we get

%—; o 3y2 + X2

u

\ y% = 3y + X%y

et +y¥y—3x3+2x2y+3y3+x2y

ix
=3¢ + Xy +y) = 3
Thus Euler’s Theorem is verified, for the given function.

Example 24
. , . X +y?
Using Euler’stheorem if u =log X<y
Tu
show thatx‘"I +y.Ily =3
Solution :
a X4+ y4
=log —: y
_ x4+ y4
P e= X—y

This is a homogeneous function of degree 3inx andy
\ By Euler’s theorem,

T e 4yl (o) =
xg(€) +yqy(e) = %
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Tu Ju _
X e X + ye Ty =
fu

. u Ju _
dividing by e we get Xﬂx Yy

Example 25
Without using Euler’stheorem prove that
wJu fu u _ i _
1][ TYgy * Zeq; = 4u, if u = 3x?yz + 4xy?z + 5y*
Solution :
We have u = 3x?yz + 4xy?z + 5yt -------- (D)
Differentiating partially with respect to x, we get
& = 3(2)yz+ 4(D)yz+ 0
= 6Xyz + 4y?’z
Differentiating (1) partially with respect to y, we get
% = 3x3(1)z + 4x(2y)z + 20y®
= 32z + 8xyz+ 20y®
Differentiating (1) partially with respect to z, we get
T =30y(D) + 4y + 0
= 3x%y + 4xy?

wJu Tu SJu
\ ﬂ TYqy * ‘Hz

= 6X?yz + 4xy?z + 3x?yz + 8xy?z + 20y* + 3x?yz + 4xy?z
= 12x%yz + 16xy?z + 20y*
= 4 (3x?yz + 4xy?z+ 5y*) = 4u

Example 26

Therevenue derived from selling x calculatorsand vy
adding machinesisgiven by R(X, y) = - x2+8x- 2y?*+6y+2xy+ 50.
If 4 calculators and 3 adding machines are sold, find the
marginal revenue of selling (i) one more calculator (ii) one
mor e adding machine.
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Solution :
(i)  Themargina revenue of selling one more calculator is R.

&:%ﬁﬁz%ﬂmuﬂwzw+®+ZW+w)
=-2x+8- 0+0+2(1)(y)
R(4,3) =-2(4)+8+2(3) =6

\ At (4, 3), revenueisincreasing at the rate of Rs.6 per
caculator sold.

\ Margind revenueisRs. 6.

(i) Marginal Revenue of selling one more adding machineis R,
=gy (R)= L (3 + 8- 242+ by + 2xy + 50)

0+0- 4y+6+2x(1)
-4y + 6 + 2

R(4,3) =-43) +6+2(4) =2

Thus at (4, 3) revenue is increasing at the rate of

approximately Rs.2 per adding machine.

Hence Marginal revenue is Rs.2.

EXERCISE 4.3
1) Ifu=4@- 3y +axyf.ndﬂand$
2 fu=x+y+2- 3xyz provethatx%u +y% %LZ‘ =3y
3  Ifz=4x5- 8x3- 7x+6xy + 8y +x%p, find each of thefollwoing

oL ol @iz w i () T i i

4 If f(x, y) = 4¢ - 8y + 6Fy? + & + 6 + 9, evaluate the
following.

(i) f, if1n  (iDf, (V) f,0,2)
W) f W f (21 if,  (vii)f, (L0
(X f, W0f,(23 ()i 23
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6)

8)

9

10)
11)

12)

13)

If u=x? + y?z+ 2%x, show that Uy Ju z =(x+y+ 2>

ix Ty ﬂ
If u=1log./x2 + y? showthat?Lo %; =2 +y
Tu _ Tu

Ifu=x3+ 3(y2 + y3, prove that ﬂXﬂy = ﬂyﬂX

-Z

If e =x- y, prove thatyﬂz Iz = 2. y2.

™ "y
Verify that ﬁﬂm = ﬁﬂwlx for the function u = xy + sinxy.

Tu _ g _,Tu
Wiz = Yqzx = 2TxTy
Verify Euler’s theorem for each of the following functions.

If u=Ilog (x* + y? + z%) prove that x

(u=2 () F= & +yF- 3xdy?
X-y : 1
(i) z= Xty (|v)u=m
u= 5 (vi) u = xlog £

Xty eXg
Use Euler’s theorem to prove the following

2 2

@) Ifu= )\(/);—); then prove that x#— + y% %u
(i) If z= ¢ *+v% then provethatxﬂ K’ X logz
o’ +y®0 T f
(iii) If f:Iogg X+y Ethen show thatxﬂ +y‘”—y =

2 2 &

(iv) If u =tan? %e%g then prove that
o, w2
ﬂx +yﬂy > sin 2.

Without using Euler’s theorem prove the following
(i If u= y +—+L then prove that

y L
ﬂU J]_ J]H_
ﬂx+yﬂy 29z =0
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.. B xZ+y? u u _
@) If u=log Xy , then provethatxﬂx +y‘”y =1

14) The cost of producing x washersand y dryersis given
by C(x, y) = 40x + 200y + 10xy + 500. Presently, 50 washers
and 90 dryers are being produced. Find the marginal cost of
producing (i) one more washer (ii) one more dryer.

15) Therevenue derived from selling x pensand y note books is
given by R(x, y) = 22 + y? + 4x + 5y + 800
At present, the retailer is selling 30 pens and 50 notebooks.
Which of these two product lines should be expanded in order
to yield the greater increase in revenue?

16) The annual profit of a certain hotel is given by
P(x, y) = 100x> + 42 + X + 5 + 10000. Where x isthe
number of rooms available for rent and y is the monthly
advertising expenditures. Presently, the hotel has 90 rooms
available and is spending Rs.1000 per month on advertising.
(i) If an additional room is constructed, how will this affect

annual profit?
(i) If an additional rupee is spent on monthly advertising
expenditures, how will this affect annual profit?

4.4 APPLICATIONSOF PARTIAL DERIVATIVES

In this section we learn how the concept of partia derivatives
are used in the field of Commerce and Economics.

4.4.1 Production Function

Production P of a firm depends upon several economic
factors like investment or capital (K), labour (L), raw materid (R),
etc. ThusP=f (K, L,R,...). If P dependsonly onlabour (L) and
capital (K), then we write P =1(L, K).
4.4.2 Marginal Productivities

Let P = f(L, K) represent a production function of two
variables L and K.

% is called the *Marginal Productivity of Labour’ and :TI—E

isthe ‘“Margina Productivity of Capital’.
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4.4.3 Partial Elasticities of Demand

Let g, = f(p,, p,) be the demand for commodity A which
depends upon the prices p, and p, of commodities A and B
respectively.

The partia dasticity of demand g, with respect to p, is defined as

P Yo, _Eq

o fb, Ep

Similarly the partid elagticity of demand of g, with respect to

pricep, is- X T _ Eq
% Tp, Ep,

Example 27

Find the marginal productivities of capital (K) and
labour (L), if P=10K - K2+KL,whenK =2 andL =6

Solution ;
Wehave P = 10K - K2+ KL ----------- (1)

The marginal productivity of capital is 11]1—:

\ Differentiating (1) partially with respect to K we get

I 10- 2k + (1)L

1K
=10- 2K + L
1P

whenK =2, and L =6, 3 ~=10- 2(2) + 6 =12

The marginal productitivy of labour is :llTT_E

\ Differentiating (1) partially with respect to L we get
P _
fiL P
when K =2, and L=6'ﬂ_L:2'
\ Margina productivity of capital = 12 units
\ Margina productivity of labour = 2 units
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Example 28

For somefirm, thenumber of units produced when using
X units of labour and y units of capital is given by the
production function f(x, y) = 80 Xt y73‘. Find (i) the equations
for both marginal productivities. (ii) Evaluate and interpret
the results when 625 units of labour and 81 units of capital
areused.

Solution ;

N

Givenf(x,y) =80X* y* e (1)
Margina producitivity of labour isf (X, y).

\ Differentiating (1) partialy with respect to x, we get
f,=80 1xty* =a0x fy*

Marginal productivity of capital isf (X, y)

\ Differentiating (1) partially with resepect to y we get

f, = 80 XE20y ¥ = 60x7y
(i) f (625, 81) = 20(625) (817

ool d _

=20 §L25;z (27) = 4.32

i.e. when 625 units of labour and 81 units of capital are used, one
more unit of labour resultsin 4.32 more units of production.

f (625, 81) = 60 (625)¥(81) *
= d 0 _
= 60(5) =2 = 100

(i.e)) when 625 units of labour and 81 units of capital are used,
one more unit of capita resultsin 100 more units of production.
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Example 29

Thedemand for acommodity AEisq1 =240- p?,+6p,- p, P,
_ _ .. Eq % _ _
Find the partial Elast|C|t|ensE—pl and Ep, whenp, =5andp,=4.

Solution :

Giveng, = 240 - p?, + 6p,- p,p,

f9, _
o, =R
Yo, _
TP, =6-p,
0 E_ql :_& ﬂi
Ep, g Ip
_ " B 5
= 24O-p12+6p2' plpZ(- pl-pz)
whenp, =5 andp,=4
&q0 = -(5)(-10-4) _ 70
Ep,g ~ 240-25+24-20 219
Ep2 ql 1sz
_ - p2(6- pl)
~ 240-p+6p,- pp;
whenp, =5andp,=4
QO -4(6-5 .4
Ep, 5 240-25+24-20 = 219
EXERCISE 4.4

1)  The production function of a commodity is
P=10L + 5K - L2- 2K2?+ 3KL.

Find (i) the margina productivity of labour
(i) the marginal productivity of capital
(iii) the two marginal productivitieswhenL =1and K =2
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2)

3

4)

5)

6)

7)

8)

9

10)

If the production of afirmisgiven by P = 3K?L2 - 214 - K*,
prove that L P, KE =4p.
L 1K

If the production functionis Z = y?- xy +x?> where x isthe
labour and y isthe capital find the marginal productivities of
x and y when x=2 and y=3.

For some firm, the number of units produced when using X
units of labour and y units of capital is given by the production

function f(x,y) = 100x* y*. Find

(i) both margina productivities.

(i) interpret the results when 243 units of labour and 32 units
of capital are used.

For the production function p = 5(L)%" (K)°2 find the
marginal productivities of labour (L) and capital (K) when
L=10and K = 3.
For the production function P = C(L)? (K)* where C isa
positive constant and if a +b = 1 show that

kI P _p
1K L

The demand for a quantity A isq,=16- 3p,- 2p; . Find

(i) the partial dasticities 2, E91

=
forp,=2andp, =1 =, B

(i) the partial elasticities

The demand for acommaodity A isq,=10- 3p,- 2p,. Find
the partial elasticitieswhenp, = p, = 1.

The demand for a commodity X isq, =15- pf - 3p,. Find
the partial elasticitieswhen p, =3 and p, =1

The demand function for a commodity Y isq, =12 - p2 +
p,p,. Find the partial elasticitieswhen p, = 10 and p, = 4.
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EXERCISE 4.5
Choose the correct answer
1) The stationary value of x for f(x) = 3(x-1)(x-2) is

3 2 -3
(@3 (b) 5 (©) % (@
2)  The maximum value of f(X) = cosx is
3 1
(a0 (b) N © 5 (d)1

3 y=x%isaways
(a) an increasing function of x (b) decreasing function of x

(c) aconstant function (d) none of these.

4)  Thecurvey=4- 2x- X* is
(a) concave upward (b) concave downward
(c) straight line (d) none of these.

5  Ifu= e, then %ismu& to

(@) y?u (b) x?u (c) 2u (d) 2yu
6) If u=log (e*+ ¢€) then %—‘)J(+%isequal to
eX
@ e © R (1 (d) e+ e

7 Ifu=x(x>0) then % isequal to
(@ xlogx  (b)log x (c) yflog x (d) log y*

L 1
2 + 2

8 f(x,y)= ﬁ is a homogeneous function of degree

@ 3 O (1 @ %
9 If f(x, y) = 2 +ye> thenf (1, 0)isequal to

@e ® ©e @
10) If f(x, y) =x3 +y® + Xy then f,is

(a) & (b) & (c) 2 (d) 3

172



11)

12)

13)

14)

15)

16)

17)

18)

19)

20)

If marginal revenueis Rs.25 and the elasticitiy of demand with
respect to price is 2, then average revenue is

(a) Rs.50 (b) Rs.25 (c) Rs.27 (d) Rs.12.50
The elasticity of demand when marginal revenue is zero, is
(@1 (b) 2 (c)-5 ()0

The marginal revenue is Rs.40 and the average revenue is
Rs.60. The elasticity of demand with respect to price is

(a1 (b) O (c) 2 (d)3
If u=x%- 4xy + y? then %;—‘;' is
(a2 (b) Zy (c) 2¢y (d) y?

If z=x®+ Xy? +y® then the margina productivity of x is
@x+y (b)) &y+32 (0)30¢+ ) (d) (¢+y)

If g, = 2000 + 8, - p, then Eg is
()8 (b)-1 (2000  (d)O

The marginal productivity of labour (L) for the production
functionP=15K - L2+ 2KL whenL =3 andK =4 is

(@ 21 (b) 12 (c) 2 (d) 3

The production function for a firm is P = 3L? - 5KL + 2k2.
The marginal productivity of capital (K) when L = 2 and
K=3is

(@5 (b) 3 (c) 6 (d) 2

The cost function'y = 40 - 4x + X2 is minimum when x

(@ x=2 (b)x=-2 (c)x=4 (dx=-4

If R =5000 units/ year,C, =20 paise, C,=Rs.20then EOQis
(a) 1000 (b) 5000 (c) 200 (d) 100
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APPLICATIONS OF
INTEGRATION 5

In the present chapter we give some properties of definite
integrd, geometrica interpretation of definiteintegra and gpplications
of integration in finding total and average functions from the given
marginal functions. We further find demand function when the price
and elasticity of demand are known. Finally we discuss a few
problems under consumers' surplus and producers surplus.

5.1 FUNDAMENTAL THEOREM OF
INTEGRAL CALCULUS

We gtate below an important theorem which enables us to
evaluate definite integrals by making use of antiderivative.

Theorem :

Let f beacontinuous function defined on the closed interva
[a b]. Let F bean antiderivative of f. Then
b

Of (X) dx = F(b) - F(a)
51.1 Sroperties of definite integrals

b a
) Of(¥dx =- Of (¥ dx
a b

Proof :

Let F(x) bethe antiderivative of f(x). Then we have,
b

Of (¥) dx =[F (x)]2 = F(b)- F(a) = - [F(@) - F(b)]
- - O () dx
b c b b

2 Of(¥dx=f Wdx + Of (X)dx for a<c<b.
a a C
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Proof :

Let a, b, ¢ bethreerea numberssuchthat a<c<b.
b

LHS =of(dx=F®b)- F@g - (1)
c b
RH.S. = Of W dx + Of (¥) dx = F(c) - F(a) + F(b) - F(c)
a C
=F()- F@ - 2
b c b
From (1) and (2), Of (X) dx = Of (¥) dx + Of (X) dx
a a C
b b
3) of (X) dx = of (a+b- x)dx
Proof‘?I ?
Let a+b-x=t \ -dx=dt
X=ab t=b
X=b b t=a

Thuswhen x varies from a to b,

t variesfrom b to a.
a

b
\ Of 0 dx =-Qf (@+b-t) dt

a bb
of @+b-t) dt [by property (1)]
a

b b b
Of @+b-x)dx [sinceg)f (x) dx = 5f (t) dt]
a a a

a a
4) of (¥) dx = of (a- X) dx
0 0

Proof :
Let a- x=t \ -dx=dt
x=0 P t=a
Xx=a b =0



a 0 a
\ of(Wdx=qf(a-t)(-dt) = of (a-t)dt
0 a 0
a

= Of (a- X) dx
a a 0
5 () Of(X)dx =20f (x)dx if f(x) isan even function.
-a 0

a
(i) of (xX)dx = 0 if f(x) isan odd function.
a

Proof

(i) If f(x) isan even function, then f(- x) =f(x).
a 0 a
Of ¥ dx = f (x)dx + Of (x) dx [by property (2)]

-a -a 0
Put t=-x inthefirst integrd then, dt = - dx
X=-ab t=a

x=0 b t=0
a 0 a
Vo Of)dx =- Of (1) dt + o) (%) dx
-a a 0
a a

Of (- X)dx + of (X) dx
0 0

a a
Of (¥) dx + of (X) dx  (f(x) isan even function)
0 0

a
= 20f (¥) dx
0
(i) If f(x) isan odd function then
f(-x) =-1f(x)
a 0 a
\ Of(X)dx = Of (X)dx + Of (X) dx
-a -a 0
Put t=-x inthefirdintegrd. Then dt = - dx
X =-ab t=a
x=0PpP t=0
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a 0

a
Vo Of()dx =- Of (-t dt + of (%) dix
-a a

0
a

a
= Of - X)dx + Of (X) dx
0 0

a a
=- Of () dx + Of (X dx (sincef(x) isan odd function)
0 0

=0

Example 1
1
Evaluate ¢fx°+x)dx
-1
Solution :
f(x) =x® + x isan odd function.
1
P gX+Xdx=0
-1
Example 2
2
Evaluate ¢fx*+x?) dx

-2
Solution :

f(x) =x* + x? isan even function
2 2

b gx*+x*)dx =2¢x"+x*)dx
-2 0

2

5 3
= X X
2[5+
_ 5 34 _ 272
=2[E+5] =55

Example 3
3
2
Jsin3
Evaluate OL dx
o Vsi n3x +1cos3x
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Solution ;

b
2
» ysin3x
= 0= = X -
Lt 1= O T & 1)
a a

By property (4), Of (X) dx = Of (a- X) dx
0 0
,{s‘n3(a. X)
- dx
Ysin3(2-x) +[cos3(2-x)

cos3x
O3y dandx & 77 (2)

Adding (1) and (2) we get,

O, [N <]

Agan | =

,r\:bo

T

ko)
2

9 = \y/sin3x +14/cos3x dx
O-=
Oan3x+JaB3x

\ 1 =
3

o L & g0
.
Oan3x+JaB3x 4

Example 4
1
Evaluate ¢y (1-x)® dx

Solution :
a a
By property (4), Of (x) dx = Of (a- x) dx
0 0
1 1 1

o Ox(@-x)pPdx = (f1-x) (1- 1+x)°dx = J1- x)x® dx
0 0 0
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L 5. 46 d éx’ x7l\J1 1
= - x)dx= X X - = =
9 ) 86 7 HO 42
1
\ Ox(@-xpPdx = 45
0
Example5
; dx
Evaluate 017‘
% ++/tanx
Solution ;
; dx
Letl = 017‘
sl++/tanx
6
o
_ % Aeosxax 1)
0\/sjnx+«/cosx

olox

b b
By property (3), of (X) dx = of (at+b- x) dx
a a

3
Vo 3 \/COSE +2- X) g
+L2- X))+ B +DB-
3 \JSIN(E+2- x) +./cosE+5 - X)
8
3 Jeos(3- x)
= g/sjn(g- X) +Jcos(§ - X) dx
o
% Afdnx
= e — 2
ch COS X ++/9N X X (2)

6
Adding (1) and (2) we get

3 3
. 3 Q
o] = «/cosx+«/s!nxdx _ (\fix :[x]g _
JJcosx +4/9n X % s 6
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, wio

0 ax 0
V== \ = =
12 %Ol_h/tanx 12
EXERCISE 5.1
Evaluatethefollowing using the propertiesof definiteintegral:
10 2
1) d4x5+6x3+% X)dx  2) (Y3 + 5¢) dx
-10 -2

o)

2 2
3) ?nzx dx 4) (yosxdx 5 O«/2- xdx

; 0

z

1
6 xL-¥dx 7 g—R— g A
0

I+ Jcotx 0047+m

o), wiox |\:|c';,(q Nolox

0
9 (xsin?x dx
0 0
52 GEOMETRICAL INTERPRETATION OF
DEFINITE INTEGRAL AS AREA UNDER A CURVE
Thearea A of theregion bounded by the curve y = f(x), the
X - axisand the ordinatesat x =a and x =b isgiven by,

2 06n x+b
10) xa8n x+beosx gx
sn X +00S X

° v4
Area, A= Qyadx y = f(x
a
b
= Of (%) dx
a
A
O X=a x=b X

Fig5.1
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Note

The graph of y=f(x) must not cross the x-axisbetween

x=aand x=h.

Similarly the area A of the region bounded by the curve
X =g(y), they- axisand theabscissae y =c¢ and y=d isgiven

by
d
Area, A=(Xdy
Cc

d
=(y) dy
C
Note

The graph of x = g(y)
must not cross the axis of 'y
between y=c and y=d.

Example 6

yll
x = g(y)

i

——/

y=d

y=¢

A\

Fig.5.2

Find the area enclosed by the parabolay? = 4x, x =1,

X =4 and thex - axis.
Solution :

The area under the curveis

b
A = Qydx
i
= (\V4x dx
1

4
=20/xdx =2
1

-

3
X 2

~n

8

— 2 3 3
S2x3 (#-1)

Nl

_28 :
= -3 0. units.

4

u

Vd
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Example 7

Find the area of the region bounded by the parabola
x2=4dy, y=2, y=4 and the y- axis

Solution :
The area under the curveis,
d y A
A = (OXdy
c X =4
4 y=4 y
- A 4y dy y=2
2
4 620" 3 >
Y - 2 p X
=20y dy =2 &54
2 e? U

Fig. 5.4
) = 2'3*/5 . units,

— 2 2
=2x3 (4-2
Example 8

Find the area under thecurve y = 4x?- 8x + 6 bounded
by the y - axis x- axis and the ordinate at x = 2.

Solution :

The y - axisisthe ordinate a x = 0. The area bounded by

theordinatesat x =0, x =2 and the given curve is
b

rolw
w

A = Qydx 1

5 2 y= 4x2-8x+6,
= (4x?- 8x + 6) dx

0 \

2

4 (@) X=2 'X
= % (2P- 4(2¢+6(2) -0
_ 2 :
= 73 S units Fig.55
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Example 9

Find the area bounded by the semi cubical parabola
y?=x% and thelines x=0, y=1andy=2.

Solution :
d‘ y A
Area, A = Oxdy
c y2=x
s 2 y=2
2 2 Cys U 1
= dy= €350 &
1 8 3 ] >
€ W o) X
s 5 <
é u
=3 & g-lgsq.units
S @ u
Example 10 fig56

Find the area bounded by one arch of thecurve y=sn ax
and the x - axis.

Solution :
The limits for one arch
of thecurve y=snax are Ay
x=0 andx= £
a
b
Area, A = (ydx
a y = sinax
&
= (g§n axdx R
9’ 0 p_\_/x,
b a
— & cosax(r
€ a G fig5.7

- % [cosp - cosO]

2 .
o SO units
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Example 11

Find the area of one loop of the curve y? = x? (4- x?)
between x =0 and x = 2.

Solution : Aty
Equation of the curveis
¥ = (4-X)
VY =EX g 3 S
b 4 (2,00 X
Area, A = Qydx
= 2 x Areain the | quadrant fig5.8
2
= 20W4- X dx (®y > 0in the | quadrant)
0
0 ) 4 Put t=4-x?
VA =2/t 5 =/t dt = - 2xdx
4 0 -4 = xdx
é 354 whenx=0, t=4
A2 when x = 2, t=0

y
t,

. units.

I\)lw

o.)|'5‘-,

EXERCISE 5.2
1)  Findthe areaunder the curve y =4x - x2 included between
x =0, x=3 and the x - axis.
2 Find the area of the region bounded by the curve y = 3x2- 4x + 5,
the x - axisand the lines x =1 and x = 2

x-axis, x=-1, and

3)  Findthe areaunder the curve y = 1+1x2 ,

x=1
4) Find the area contained between the x - axis and one arch of

the curve y = cosx bounded between x = - % and x = %
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5  Find the area of one loop of the curve y? = x? (1- x?) between
x=0 andx =1

6) Find the area under the demand curve xy =1 bounded by the
ordinates x =3, x = 9 and x-axis.

7 Find the area cut off from the parabolay? = 4ax by its latus
rectum.

8) Find the area bounded by the curve x = 3y? - 9 and thelines
x=0,y=0andy=1

9  Find the area above the axis of x bounded by y = % ,X=1

and x = 4.

10) Find the area of the circle of radius ‘a’ using integration.

2 2
11)  Find the area of the ellipse 25 + g_zz 1
a

5.3 APPLICATIONS OF INTEGRATION IN
ECONOMICS AND COMMERCE

We learnt dready that the margina function is obtained by
differentiating the total function. We were given the total cog, totd
revenue or demand function and we obtained the margina cost,
marginal revenue or elasticity of demand.

Now we shall obtain thetota function when margina function
isgiven.

5.3.1 The cost function and average cost function from
marginal cost function :

If C isthecost of producing an output x then marginal cost

function, MC = dc . Using integration as reverse process of

differentiation Wed())i)tain,
Cost function, C= §MC) dx +k

where k is the constant of integration which can be
evaluated if the fixed cost is known. If the fixed cost is not
known, then k = 0.

Average cost fucntion, AC = % x10
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Example 12

The marginal cost function of manufacturing x units of
acommodity is 6+ 10x - 6x2. Find thetotal cost and average
cost, given that thetotal cost of producing 1 unit is 15.

Solution :
Given that,
MC =6+ 10x - 6x?
C = gMC) dx +k

= 6+ 10x- 6x?) dx +k

3

= 6X+ 5x2- 233+ K - (1)
Given,when x=1, C=15
\' ()P 15=6+5- 2+Kk
Pk =6
\ Total Cost function, C = 6x + 5x?- 2x3+ 6

Average Cost function, AC = % x10

=6+5x- 2x2+ 9
X

Example 13

The marginal cost function of manufacturing x units of
acommodity is 3x?- 2x + 8. If thereisnofixed cost find the
total cost and average cost functions.

Solution :
Given that,
MC =3x?>- 2x+8
C = gMQ)dx +k
= (3x*- 2x+8)dx +k
=x3- x2+8x+k
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Nofixedcost b k=0

\ Total cost, C =x3- X2+ 8x
Average Cost, AC = % xt 0
=x2- X+ 8.

Example 14

Themarginal cost function of manufacturing x units of
a commodity is3- 2x - x2. If thefixed cost is 200, find the
total cost and average cost functions.

Solution :
Given that,
MC =3- 2x- Xx?

C = gMC) dx +k
= f3- 2x- x?) dx +k
:&-%-§+k --------- (1)
Given that fixed cost C = 200
\ ()P  k =200
\ C=3x-x2-X_33+200

ac = £ x10
X

=3- X- X_2+@
3 X
5.3.2 Therevenuefunction and demand function from mar ginal
revenue function
If R isthetotal revenue function when the output is X, then
margina revenue
drR

MR = vk Integrating with respect to ‘X’ we get
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Revenue function, R = §MR) dx + k

where‘k’ isthe congtant of integration which can be evaluated
under given conditions.

If the total revenue R =0, when x =0,

Demand function, p = %, x10

Example 15

If the marginal revenue for a commaodity is
MR =9 - 6x%2 + 2, find the total revenue and demand
function.

Solution :
Given that, MR=9- 6x2 + 2x

R = gMR) dx +k

= (9- 6x* + 2x) dx +k
=Ox- 23+ x2+k
Snce R =0 when x=0, k=0
\ R =9- 2x3+x?
_R 1 — 2
p _Y’X O P p=9- 2x2+x
Example 16

For the marginal revenue function MR = 3 - 2x - X2,
find the revenue function and demand function.

Solution :
Given that
MR =3- 2x- x2

R = gMR)dx +k
= (f3- 2x- X)) dx +k
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3
:3X'X2'XT+k

since R=0, whenx=0, k=0

3
— _yw2_ X
\R =3-x =

- R 1
p= 5 X 0
2
=3-x- X2
p=3-X 3
Example 17
If the marginal revenue for a commaodity is
MR :1600 + X + %2, find therevenue function.
Solution :
Given that,
- €& 2
MR = ﬁ+x+x
\ R = gMR)dx +k

X
N € 2
d100+X+X)dX+k
T 100 T2
when no product is sold, revenueis zero.

whenx =0, R=0.

2 3
=€ 4 x +X7+k

\ 0= £ 40+0+ \ k=--L
100 100
_f 2L xX
\ Revenue, R—ﬁ+><7+T.EO

5.3.3 The demand function when the elasticity of demand is

given
We know that,
. _ -p d_X
Eladticity of demandh, = ~ dp
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b dx 1

p x hy
Integrating both sides
dp _ 1 ~dXx
“0p = py OX

This equation yields the demand function * p’ asafunction
of ‘x’.

The revenue function can be found out by using therelation,
R = px.
Example 18

The elasticity of demand with respect to pricep for a

commodity is L5, X >5 when thedemand is ‘x’. Find the

demand function if the priceis2when demandis?7. Alsofind
the revenue function.

Solution :
Given that,
X-5

Elasticity of demand, h = ~

Integrating both sides,

05 =-Gb +logk

P log(x-5)=-logp+logk
P log(x- 5)+logp=Ilogk
P logp(x- 5)=logk

P p(x-85=k e (1)
when p=2, x=7,
k =4

\ The demand function is,
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_ _4

X-5
Revenue, R=px o R=2*2_, x>5
P X-5

Example 19

The elasticity of demand with respect to price for a
commodity is a constant and isequal to 2. Find the demand
function and hencethetotal revenuefunction, given that when
thepriceisl, thedemand is4.

Solution :
Given that,
Elasticity of demand, h =2
. P odx
= < 2
b % = - 2d_p
X p
Integrating both sides,
p (\)_dxx =- 6%) + logk

logx = - 2log p + log k
logx + log p? = log k
pPx=k  -omeeee- (1)
Given, when x = 4, p=1
From (1) weget k=4
\' ()b xp2=4 or pzzg

Demand function p= —7 ; Revenue R=px = 2-/x
Example 20

Themarginal cost and marginal revenuewith respect to
a commodity of afirm aregiven by C&x) =4 + 0.08x and
R&x) = 12. Find the total profit, given that the total cost at
zero output is zero.

191



Solution :
Given that,
MC =4+ 0.08x

C(x) = gMC) dx +k,

&4 +0.08x) dx +k,

= 4+ 0,08+ k,
=4x+0.04x2 +k, =~ --mm-eee- (1)
But givenwhen x =0,C=0
\ (DP 0=0+0+Kk,

\ k,=0
\ C(X) =4x+0.04x>  --------- (2)
Given that,
MR =12.

\ R(X) = MR dx +k,

= (2 dx +k,

=12x + k,
Revenue=0 when x =0.
\ k,=0
\ R(X)=12x = ---=----- (3)

Tota profit function, P(x) = R(x) - C(x)
=12x - 4x - 0.04x?
= 8x - 0.04x2.

Example 21

The marginal revenue function (in thousands of
rupees) of acommodityis 7 +e%% wherex isthe number
of units sold. Find the total revenue from the sale of 100
units (e = 0.0067)

192



Solution :
Given that,
Margina revenue, RE(x) = 7 + e~ 00

\ Totd revenue from sae of 100 unitsis
100

d7 + e-00%) dx

R

1
Rk
X
+
' |D
o
2
x
e
=
o
o

= 700 - 1#;0 (e5-1)

= 700 - 20 (0.0067 - 1)

=700 + 20 - 0.134

= (720- 0.134) thousands
= 719.866 x 1000

Revenue, R = Rs.7,19,866.

Example 22

Themarginal cost C&x) and marginal revenue R&x) are
given by C&x) = 20 + 21 and R&x) = 30 The fixed cost is
Rs. 200. Determine the maximum pr ofit.
Solution :

' = X
Given C¢x) =20+ 20

\ C(x) = Fuax)dx +k,
= c‘120+2—)é,) dx +k,

=20k + X 4K oo 1)
40

When quantity produced is zero, the fixed cost is Rs. 200.
i.e.whenx =0, C =200,
P k, =200
Cost function is C(x) = 20x + Z—g + 200
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Therevenue, R&x) =30
\' R(X) = RAUX) dx +k,
= podx +k,
=30x +k,
When no product is sold, revenue=0 -------- 2
i.e,when x=0, R=0

\  Revenue, R(x) = 30x
Profit, P = Tota revenue- Tota cost

2 2
=30x- 20x - £ - 200=10x - X - 200

0 40
P 0. X - BP_gp 4o
4P =10- X ;P -0p x=200
d’P _ -1
o - 20 O

\ Profit is maximum when x = 200

\ Maximum profit is P = 2000 - %%OO - 200

Profit = Rs. 800.
Example 23

A company determines that the marginal cost of
producing X units is C&x) = 10.6x. The fixed cost is Rs. 50.
Theselling priceper unitisRs. 5. Find (i) Total cost function
(i) Total revenue function (iii) Profit function.

Solution ;
Given,
C¢x) = 10.6x
\ C(¥) = Lux) dx +k = 0.6xdx +k
= 10.6)(—22 + k
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=532 +k -------- (1)
Given fixed cost = Rs. 50
(i.,e) when x=0, C=50\ k=50
Hence Cost function, C = 5.3x? + 50
(i) Total revenue = number of units sold x price per unit

Let x be the number of units sold. Given that selling price
per unit isRs. 5.

\  Revenue R(x) = 5x.
(i)  Profit, P=Totd revenue- Totd cost
= 5x - (5.3x? + 50)
= bx - 5.3x?- 50.
Example 24
Deter minethe cost of producing 3000 unitsof commodity
if the marginal cost in rupees per unit is C&x) —m + 2.50
Solution :

Given, Margina cost, C&x) = + 2.50

\ C(x) = ¢fHx)dx +k

3000
=——+2.50) dx + k

d 3000 3000

2
= 6000+250X+k

When x=0, C=0 \ k=0. DC(X)—6OOO+250x
When x = 3000,

Cost of production, C(x) = Rs.9000
Example 25

Themarginal cost at aproduction level of x unitsisgiven

by C#(x) = 85 + :1725 Find the cost of producing 10

incremental units after 15 units have been produced.
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Solution :

Given, C&x) =85 +

375
X2

\' C(X) = ¢fx) dx + Kk

The cost of producing 10 incremental units after 15 units have been

produced
25 25 "
_ 3 _ 3 375 ¢
= ) dx = ?5+ A
15 15
P | 25
- &5x- 370U _ R geD.
e X His
\ Required cost = Rs. 860
EXERCISE 5.3

1)

2)

3)

4)

6)

The marginal cost function of production x units, is
MC =10+ 24x- 3x? and thetotal cost of producing one unitis
Rs.25. Findthetota cost function and the average cost function.

Themarginal cost funcitonisMC =% . Find the cost function
C(x) if C(16) = 100. Also find the average cost function.

The marginal cost of manufacturing x units of product is
MC = 3 - 10x + 3. Thetota cost of producing one unit of
the product is Rs.7. Find the total cost and average cost
function.

For the marginal cost function MC =5 - 6x + 32, x isthe
output. If the cost of producing 10 items is Rs.850, find the
total cost and average cost function.

The marginal cost functionisMC = 20- 0.04x + 0.003x? where
x isthe number of units produced. The fixed cost of production
isRs. 7,000. Find thetotal cost and the average cost.

If the marginal revenue function is R¢(x) = 15- 9x- 3x?, find
the revenue function and average revenue function.

If the marginal revenue of a commodity is given by

MR =9 - 2x + 42, find the demand function and revenue
function.
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8)
9

10)

11)

12)

13)
14)

15)

16)

17)

18)

Find the total revenue function and the demand function for
the marginal revenue function MR = 100 - 9x2.

Find the revenue function and the demand function if the
marginal revenue for x unitsisMR =2 + 4x - x2.

The margina revenue of a commodity is given by MR =4 - 3x.
Find the revenue function and the demand function.

The elasticity of demand with respect to price‘p’ is 3—XX , X<3.
Find the demand function and the revenue function when the
priceis 2 and the demand is 1.

The elasticity of demand with respect to price p for a

commodity is X% , when the demand is x. Find the demand

function and revenue function if the demand is 2 when the
price is 3.

Find the demand function for which the elagticity of demand is 1.
The marginal cost function of acommodity inafirmis?2 + 3e*

where X isthe output. Find the total cost and average cost
function if the fixed cost is Rs.500.

The marginal revenue function is given by R&x)= X% - % .

Find the revenue function and demand function if R(1) =6.

The marginal revenue is Rt(x) = 16 - x2. Find the revenue
and demand function.

The marginal cost of production of afirm is given by
C&x) =5+ 0.13x. The margina revenue is given by REx) = 18.
The fixed cost is Rs.120. Find the profit function.

The marginal revenue (in thousands of rupees) of acommodity
is REx) = 4 + %% where x denotesthe number of units sold.
Determine the total revenue from the sale of 100 units of the
commodity (e = 0.05)

5.4 CONSUMERS SURPLUS
A demand curve for a commodity shows the amount of the

commodity that will be bought by people at any given price p.
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Suppose that the prevailing market price is p,. At this price an
amount X, of the commodity determined by the demand curve will
be sold. However there are buyers who would be willing to pay a
price higher than p,. All such buyerswill gain from the fact that the
prevailing market priceisonly p,. Thisganiscalled Consumers’
Surplus. It isrepresented by the area below the demand curve
p = f(x) and above thelinep = p,.

Thus Consumers Surplus, “y

CS = [Total area under the

demand function bounded by g s

x=0, x =x, and x-axis- Area o

of the re():(toangl e OAPB] B @

< Po
\ Cs = g)f(x)dx-poxo o % A >

Quantity
Fig. 5.9

Example 26
Find the consumers' surplusfor the demand function

p=25- x- x> when p,=19.

Solution :

Given that,

The demand functionis p =25- x- x2
p, =19
19=25- x- x2
X>+x-6=0
x+3)(x-2)=0
x=2 (or) x=-3
X, =2 [demand cannot be negative]
P, X, =19x2=38
Xo
CS = Of(¥dx- px,
0
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2
= (d25- x- x?)dx - 38
0

= oo g5 - w0

= [25(2) - 2- i] 38 = unlts

Example 27

The demand of a commodity isp =28 - x? Find the
consumers’ surplus when demand x, =5

Solution :
Given that,
The demand function, p = 28 - x?
whenx, =5
p, =28- 25
=3
\ px, =15
Xo
CS = of(X¥dx- px,
0
5
= §28- x)dx - 15
0
= [osx- 2 - 15
= [28 %5 - —] _15= @umts
Example 28

The demand function for a commodity isp :x1—+23 . Find

the consumers' surplus when the prevailing market priceis?2.
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Solution :

Given that, Demand function, p = leg
p,=2 b 2 = -1
or 2X+6=12 or x =3 \ x,=3P pXx,=6

X 3
- A - 12
Cs = 0of(x)dx- PX, = g)mdx- 6

= 12 [log( x+3)3- 6.
= 12[log 6 - IogB]-6=12Iog% - 6=12log2- 6

5.5 PRODUCERS SURPLUS

A supply curve for a commodity shows the amount of the
commodity that will be brought into the market at any given pricep.
Suppose the prevailing market priceisp,. At this price an amount
X, of thecommodity, determined by the supply curve, will be offered
to buyers. However, there are producers who are willing to supply
the commodity at a price lower than p,. All such producers will
gain from the fact that the prevailing market price is only p,. This
gainis cdled ‘Producers Surplus. It is represented by the area
above the supply curve p = g(x)
and below theline p = p,. 1

Thus Producers’ Surplus,
PS=[ Areaof thewholerectangle
OAPB - Area under the supply

curve bounded by x =0, X =X,
and x - axig]

D
/Q\

/<PS

[s8)

P
Po

X
\ PS=px,- Og(X) dx
0

ol Price

X A X
Quantity

Example 29 Fig5.10

The supply function for a commodity isp =x2+ 4x + 5
where x denotes supply. Find the producers’ surplus when
thepriceis 10.
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Solution :

Given that,
Supply function, p=x2+4x +5
For p, =10,

10=x>+4x+5 b x*+4x-5=0
P X+5 xx-1)=0pb x=-5 o x=1
Since supply cannot be negative, x = - 5is not possible.
\ x=1
\ p,=10andx,=1 P px,=10
Producers Surplus,

Xo
PS=px,- (X dx
10
=10- (Ix*+ 4x + 5) dx
0

~10- [eiae ]1
10 3+2+5x0

— 1 - 8
=10- | 3 +2+5] = 3 units.
Example 30

Find the producers surplus for the supply function
p=x*+x+3when x,=4.

Solution :

Given that,
supply function p=x2+x+ 3
whenx, =4, p,=#+4+3=23
\' px,=92.

Producers Surplus
Xo 4
PS=px,- Q9(X)dx =92 - x2+x + 3) dx
0 0
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=o2-[gegea

=02-[&+18.417 = %2 units.
Example 31
Find the producers surplus for the supply function
p = 3 +x2when thepriceis12.
Solution :
Given that,
supply function, p=3 +x2  Whenp, =12,
12=3+x%x?> or x> =9 or x=+3
Since supply cannot be negative,
X =3. e Xx,=3
\' px, =36.
Producers Surplus,

PS=px,- Q9(x)dx
30
3
=36- (J3+x?)dx =36- [3x+X_3]
0 319

= 36- [9+4]-0] = 18 units

Example 32

The demand and supply functions under pure
competition are p, = 16 - x> and p, = 2x2 + 4. Find the
consumers surplus and producers surplus at the market
equilibrium price.

Solution :

For market equilibrium,

Quantity demanded = Quantity supplied
P 16-x2=2x+4 b 3x2 =12
=} X2 =4 P x=+2 Butx=-2isinadmissble.

\ x =2 (i.e)x,=2

202



\
\

p,=16- (2 =12

pX, =12x2 =24.

Consumers Surplus,

%o
of (¥ dx - px,
0

2
J16-x?) dx - 24
0

CS

[16x-><§ 24 =32- 8- 24 = Lits

Producers Surplus

1)
2))
3

4)

6)

Xo
PS = px,- (X dx
0
2

=24- 22+ 4)dx =24- [%Mx]z
0

_op_ 2X8 o _ 32 .
=24 3 8 = 3 units.
EXERCISE 5.4

If the demand functionisp = 35- 2x - x* and the demand x, is
3, find the consumers’ surplus.

If the demand function for a commaodity isp = 36 - x? find the
consumers’ surplus for p, = 11.

The demand function for acommodity isp = 10- 2x. Findthe
consumers' surplus for (i) p=2 (ii)p =6.

The demand function for a commaodity isp = 80- 4x- x2. Find
the consumers’ surplus for p = 20.

If the supply function is p = 3x* + 10 and x, = 4, find the
producers’ surplus.

If the supply law isp = 4 - x + x?, find the producers surplus
when the price is 6.

The supply function for a commodity isp = 3 + x. Find the
producers’ surplus when (i) x, = 3. (ii) X, = 6.

203



8)

9

10)

11)

12)

13)

14)

15)

For a commodity, the supply law is p =X—22 + 3. Find the
producers surplus when the priceis 5.

The demand and supply function for acommodity arep, = 16- 2x
and p_ = x? + 1. Find the consumers’ surplus and producers
surplus at the market equilibrium price.

The demand and supply law under a pure competion are given
by p,=23- x*and p, = 2¢* - 4. Find the consumers’ surplus
and producers' surplus at the market equilibrium price.

Under pure competition the demand and supply laws for

commodity and p, =56 - x* and p = 8 +X—32. Find the
consumers’ surplus and producers surplus at the equilibrium
price.

Find the consumers' surplus and the producers’ surplus under
market equilibrium if the demand function isp, = 20 - 3x - X
and the supply functionisp = x- 1.

In a perfect competition the demand and supply curves of a
commodity are given by p, =40 - x* and p, = * + & +8.
Find the consumers surplus and producers surplus at the
market equilibrium price.

The demand and supply function for acommodity are given by
p,=15- xand p,= 0.3+ 2. Find the consumers’ surplusand
producers’ surplus at the market equlibrium price.

The demand and supply curves are given by p,= % and

P, = % . Find the consumers’ surplus and producers’ surplus
at the market equilibrium price.

EXERCISE 5.5

Choose the correct answer

D

a
If f(x) is an odd function then f (x)dx is

(a1 (b) 2a (©) 0 (d) a
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2)

3

4)

6)

8)

9

10)

a
If f(x) is an even function then f (x) dx is

-a
a a

(@ 20f (0 dx (b) Of (¥ dx (c)-2a (d) 2a
0 0

3
(‘)deis
@0 (b) 2 (©) 1 (@ -1

2

o dx is

-2

@%Z m&% ¥ v

o
2

(fn xdx is

A
(@0 (b)-1 ()1 (d) 5

1)
2

Crosxdx is

A
(a) 2 (b) -2 (c)-1 (d1
The areaunder the curvey =f(x), thex-axisand the ordinates
a x=a and x=Db is
b b b b
(a ov dx (b d/ dy (o) (‘j< dy (d) (‘)( dx

The area under the curve X = g(y) the y - aX|s and the

linesy =c and y=d is
d d d d

@@ Oy ©Fd @ o

The area bounded by the curve y e, the x - aX|s and the
linesx=0and x =2is

(a) -1 (b) e2+1 () & (d) -2
Theareabounded by y =X,y - axisandy =1is
(a1 (b) 5 () log 2 (d) 2
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11)

12)

13)

14)

15)

16)

17)

18)

The area of the region bounded by y = x + 1 the x - axis and
thelinesx=0andx=1is

(@ 5 (b) 2 (0 = (d) 1
The area bounded by the demand curve xy = 1, the x - axis,
x=1land x=2is
@log2  (Blog3  (©)2log2  (d) 4 log2
If the marginal cost function MC = 3e 3¢, then the cost functionis
3x
(a) % (b) e¥+k (c) % (d) 3>
If the marginal cost function MC = 2 - 4x , then the cost function
5
(@ 2-2¢+k (b)) 24¢  (0) 2-4  (d) x- 4%

The marginal revenue of afirmis MR = 15 - 8x. Then the
revenue function is

(@) 15 4+ ()-8 ()-8 (d) 15 - 8
The margind revenue R&x) = ﬁ then the revenue function is

@logk+li+k O G (© Gapr (@ 10053T

The consumers’ surplus for the demand function p = f(x) for
the quantity x, and pricep, is

% X
(@ of (X dx- px, (b) Of (x)dx
0 0
X Po
(©) P, Of (x)dx (d) of () dx
0 0

The producers' surplus for the supply function p = g(x) for the
quantity x, and pricep, is
Xo Xo

(a (()‘IJ(X) dx - pX, (b) PX, - (()\ﬂ(x) dx
Xo Po
(c) (()‘ﬁ(x) dx (d) gﬂ(x) dx
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ANSWERS

1. APPLICATIONSOF MATRICESAND
DETERMINANTS

Exercise 1.1
®3 -1 1§

ol - 35 e = 1 & 40
1) > 2)¢l5 6 -5 8) 4 5
-2 -1 : 3 2
g : S5 -2 23 16% a

@l 2 -2 a 0 -ag
9 1&4-25-10% 1 -2
€1 -1 15 S 0 15
BO® g
1) co x 0:13)(;-1-3 10? 18) 4,-2 19)-1,0
0045 & 2%
56
20) &2 ¢
APy

Exercise 1.2
1 ()3 ()2 (i) 1 (iv) 3 (v) 2(vi) 3 (vii) 1 (viii) 2 (ix) 2

2) 2,0. 6) incons stent
11)k=-3 12) k assumes any real value other than O
13y k=-3 14) k assumes any real value other than 8
Exercise 1.3
12 1. 2)0, 1, 1. 3) 5, 2. 4)2,-1,1.
50,2 4. 6)20, 30. 7) Rs.2, Rs.3, Rs.5.
8) Re.1l, Rs.2, Rs.3. 9) 11 tons, 15 tons, 19 tons.
Execrise 1.4
6 8 9 12 2 46 9

24 1 0 19 2¢9 0 0 09
1) 5¢0 0 0 0% 2) 41 0 0 o1

80 1 0 OF 661 1 0 O

o0 0 1 05 o1 1 1 05
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3y{@h b m, @ mp 4>

b&o

= O T

cd
019
0

=

2

4 3 8 125 125
3 0 10 4a® 0 16 3a® 0 00
5) 580 0 1, 380 0 1-, 580 0 0-
9%1 1 1z 8% 0 0z 9%0 0 1y
12 3 4
1§ 0 0 0%
20 1 0 0+, . :
6) 3% 0 1 Oi,Equwalencerelatlon.
4§0 0 0 1y
12 3 4
1§ 10 06
260 1 0 0= . : ..
7) g - ; Reflexive, Not symmetric, Trangtive.
3% o0 1 o
4%0 0 0 1g
12 3 4
g 1 0 00
260 1 0 oI , : "
8) 20 0 1 0+,Not reflexive, Not symmetric, Trangitive.
4 0 0 15
12 3 4
1a® 1 0 0%
2§0 0 1 o: : : ”
9) 20 0 0 0;;Not reflexive, Not symmetric, Not transitive.
4§°%°P°5 RP PP
1 P P P#® 0 0 0
Ra® 0 09 ¢ 9
N 1C = PO 0 1 0
10) (i) Ré0 o o0+ (i) -
n&l 1 0% RO 0 0 1T
3 2 aé 1 0 0y
R PR PREPR
R R P#® 1 0 1p
Ra® 1 00 ¢ T
ii)péo o oo (v) ¥ 21 %
2¢ L ok PR 0 0 0OF
0 1 0y

P& 0y Pé
4
20

8
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11) i)

v

(053

o
1

(i) Not strongly connected.

1+

17

16
wgo 010

0
0
0

0

00 0O
XY zZz W
X 1 1

00 1 0 1
. YQO 00
13) (i) . ¢

O 00 1 1

¢

1000
z% 1 0

¢
¢
¢

V,cO 0 0
:

Vs
Vs
Ve

v,
12) 3, CBA, CDA, CDBA

v)

G S
V30 —A O

VZOOOO

> RBod Slosd -

ST S S

x vz %
16
1- .
. 14) (i)
1y

X0 1 1
LY 11
(i) _ &

wh 11

(i) 2, V,V, V, Vg V, V.V, V

(iil) 5

z% 1 1

V4 m._.h_. ._.1_._.._%

.I_V31111
>

¥S>'o o o o

>

> Bod Slosd
S = >SS
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(v) 13 (vi) Not strongly connected. (vii)



ViVe Vs Va R R P P P P
V1£ 1 1 00 1 2 3 1 2 3
¢ = Ra® 0 15 Pa@ 1 1
V, 0 0 1 O ¢ = ¢ =
15) .17 R 0 0+, P 1 1
%O 0 0 O P§l 1 05 P& 1 15
v4§51 0 1 Op : g s 2
Vi V, V, V,
Vléé 11 0
1g) 2¢ 1 1 0
Va4 1 1 0o
v4§1 1 1 04
V, V, V, V, Vv, V, VY,
Vlgé 11 ® Vlg@ 11 B
19) V0 0 1 1 VO 0 1 L
Vo 0 0 107 V% 0 o T
V@0 0 0 Oy v4§o 0 0 Oy

20) (i) 24, 21, 61, 47, 76, 55, 33, 28 (i) THURSDAY
Exercise 1.5

1) The systemisviable. 2) The system is not viable.

3) 110 units, 320 units.

4) Rs.72 millions, Rs.96 millions. 5) (i) Rs 42 lakhs, Rs. 78 lakhs
(i) Rs.28 lakhs, Rs.52 lakhs. 6) Rs. 80 millions, Rs. 120 millions.
7) Rs. 1200 crores, Rs. 1600 crores.

8) Rs. 7104 crores, Rs. 6080 crores.

Exercise 1.6

1) 74.8%, 25.2% ; 75%, 25% 2) 39% 3) 54.6%, 45.4%
Exercise 1.7

)c 2)b 3)c 4)c 5a 6)a 7)b 8)b

9b 10)c 1l)a 12)a 13)a 14)a 15a 16)b
17)a 18)b 19)d 20)b

ANALYTICAL GEOMETRY

Exercise 2.1
1) aparabola 2) ahyperbola 3) anéllipse
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Exercise 2.2

1)

2)

3)

4)

(@ x2+y?- 2xy- 4y+6=0

(b) X2 +y2+2xy- 4x+4y+4=0
(C) 4x2 + 4xy +y2- 4x+8y- 4=0
(d) X2+ 2xy +y?- 22x- 6y+25=0
(@ (0,0, (0, 25), x=0, y+25=0
(b) (0,0),(5,0), y=0, x+5=0
(©) (0,0), -7,0),y=0,x- 7=0
(d) (0,0), (0,-15),x=0, y- 15=0
@ (-3, 0, (-2,1, - 1=0, 4
(b)(-1,-1),(0,-1), x+2=0, 4
(© (-2,0),(£,0), 8+25=0, 8

(d) (0,2), (0, ), 4y- 1=0, 3
Output = 15 tons. and cost = Rs.40

Exercise 2.3

1)

2)

3)

(i) 101x2 + 48xy + 81y? - 330x - 324y +441=0

(i) 27x2 + 20y?- 24xy +6x+8y- 1=0

(iii) 17x2 + 22y2 + 12xy - 58x + 108y +129=0
y = L+ =

0) 4z 142 *ig1 () 24+15

(i) X 2_; 1

(i) (0, 0), (0, + 3); g; © +5): &
I3 (143 - 5);

e

(i) (1,-5), (1, + \7-5);

T
-1 -1
y_«/§ S5,y «/§

(i) 2,1), (2, 1) (-6, 1); % (7 2.2 2
16 16

x—\/_ X = ﬁ-Z,
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Exercise 2.4

1) (@) 19x2 + 216xy - 44y? - 346x - 472y +791=0
(b) 16(x? + y?) = 25(x cosa +ysima - p)?
2) 12x%2- 4y?- 24x+32y- 127=0
3 (a)16x2- 9y?2- 32x- 128=0
(b) 3x?2- y?- 18x+4y+20=0
(c) 3x2- y?- 36x+4y+101=0
4) (3 (0,0); 2; (#5,0);5x+16=0
() (-2,-4); %:(2,-4)(-6,-4);4x-1=0,4x+17=0
(c) (1,4);2;(6,4) (-4,4); 4x-9=0,4x+1=0
5 (@ 3x+y+2=0andx- 2x+5=0;
(b) 4x- y+1=0and2x+3y- 1=0
6) 4x2- 5xy- 6y?- 11x+1ly+57=0
7)) 12x%2- 7xy- 12y?+31x+17y=0
Exercise 2.5
Da 2)b 3)c 4)d 5c 6a 7)c 8)b

9)

b 10)a 11)b 12)c 13)b 14)b 15a 16)c

17)a 18)c 19 c 20)c

APPLICATIONS OF DIFFERENTIATION-I

Exercise 3.1

1)

2)
6)
7)

i) Ex2- ax+25+8 iy 1xz- ax+ 25
2 X 2
(iii) %. AC = Rs.35.80, AVC = Rs.35, AFC = Rs.0.80

Rs.600.05 3) Rs5.10 4)Rs.1.80 5)Rs. 1.50, Rs.1406.25

N1, 4 3., 1 4

—=x2 - +8+ — —X2 - + =X- 4- —
0] 10x 4x + 8 ~ (i) 10x 8x +8 (iii) 5x 4 2
Rs. 55, Rs.23 8) Rs.119 10) 0.75 11) 1.15
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L 2(a-bx) .3 4p° p
13) (i) x () > 14) m 15) 20?45 0245 16) 2(p- b)
17) AR=p, MR=550- 6x- 18x? 18) (i) R = 20,000 x e 0&

(i) MR = 20,000 x €%%[1 - 0.6x] 19) 34I0+2p2

0-4p- p?’
2
+ -
3p” +8p- 30 20)20,3 21)Rs110 22) 2 Rs1.90
2(p+2) u
Exercise 3.2

1)-1.22, -1.25 2)-1lunit/sec 3) 12 units/ sec.

5) (i) revenueisincreasing at the rate of Rs.40,000 per month
(i) cost isincreasing at the rate of Rs.4,000 per month
(i) profit isincreasing at the rate of Rs.36,000 per month

6) (i) revenue isincreasing at the rate of Rs.48,000 per week
(i) cost isincreasing at the rate of Rs.12,000 per week
(i) profit isincreasing at the rate of Rs.36,000 per week.

8) 10p c?/sec  9) 115p cm?/minute  10) X = % , 3.

Exercise 3.3

10 -13 — —
1) =, = Na=2 b=2
)3’ 5 )a=2b

4) (i)x-y+1=0, x+y-3=0
(i) 2- 2y+43- §=0; x+2y-3- §£=0
(i) X+2y+13=0; 2x- 3y=0
(iv) X+ 16y- 72=0; 64x - 36y- 175=0
(V) 3ex-y-2e2=0; x+3ey- 3e®- e=0

(vi) V2bx + J2ay - 2ab=0; 2ax- J2by- a2+ b2=0
5) 13x- y- 34=0; x+13y- 578=0
6) 10x +y- 61=0; x- 10y+105=0
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7, %), (-1, '—31) 9)x- 20y- 7=0: 20x +y- 140= 0

X Yooy @ , by

11)asecq-Btarq—1, %cq+tanq_a2+b2'
12) (i) (1,0) and (1,4) (ii)(3,2) and (-1, 2)
Exercise 3.4
1)d 2)c 3)a 4) a 50b 6) C 7)d
8)d 9b 10)a 11)d 12)a 13)b 14)c
15 b 16)d 17)c 18)a 19 a 20)c

APPLICATIONSOF DIFFERENTIATION-II
Exercise 4.1
3)  incressingin (-¥ - 5) and (- %,¥) decreasing in (- 5, - %)
4 (-2,27), (1,0

5)

6)

8)

9
11)

() R isincreasing for 0 <x <4 decreasing for x >4, MR
isincreasing for 0 <x <2 and decreasing for x > 2.

(i) Risincreasing for 1 <x <7, decreasingfor0<x <1
andx >7. MRisincreasing for 0<x <4 and decreasing
for x > 4.

(i) TCisincreasing for 0 <x <10 and for x > 20 and
decreasing for 10 <x <20. MC isdecreasing for 0 <x
<15 and increasing for x > 15.

(i) TCisincreasing for 0 <x <40 and decreasing for x >
40. MC is always decreasing.

() x=0max.vaue=7, x=4min. vaue=- 25
(i) x=1max.vaue=-4, x=4mini.vaue=- 31
(i) x =2 min. value = 12

(iv) x =1 max. value = 19, x = 3 mini. value= 15
X =1 max. vaue =53, x =-1min. vaue =- 23.
0,3), (2,-9

convex upfor% <x<1

convex down for -¥ < x < % and 1<Xx<¥,.
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12) g=3.
13) x=1 max.vaue=0
X =3 mini. vlue=- 28
x = 0 point of inflexion exigs.

Exercise 4.2

1)x=15 2) 15, 225 4Hx=5 5) 1,%
6)x=8 7) (i) 10.5, Rs.110.25 (ii) 3,0 (ii)x=6
8) x =60 9) Rs.1600 10)x=70 11)x=13

12) A : 1000, B : 1800, C: 1633
13) A : 214.476, Rs.21.44 B:67.51 Rs.58.06 C: 2000, Rs.4,
D : 537.08, Rs.27.93

14) (i) 400 (ii) Rs.240 (iii)g orders / year (iv)% of ayear

15) (i) 800 (ii)% of ayear (iii) 4 (iv) Rs.1200.

Exercise 4.3

1) 8x+6y, 6x-6y

3) (i) 285+ 33 - 242+ 6y- 7
(i) 5¢y*+6x+8
(iii) 120x* - 48x + 6xy°

(iv) 20x%y®
(v) 15x%y*+ 6
(vi) 15x%y*+6

4) (i) 30x%y?*+8x+4 (ii) 500
(iii) 12x%y - 24y? + 6 (iv) - 90
(v) 120x%y*>+8 (vi) 968
(vii) 12x5 - 48y (viii) 12

(ix) 60X’y (x) 2880  (xi) 2880
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14) (i) 940 (i) 700

15) Note Book (16) (i) Rs.18,002 (ii) Rs.8005
Execrise 4.4

1) (i) 10- 2L + 3K, (ii)5- 4K +3L (iii) 14,0
3)1,4 4)3.95 120 5) 2.438, 3.481

32 961 10-39,
5'5 3

3 .1
N0, M7 8
Exercise4.5
Db 2)d 3)a 4)b 5)c 6) C 7)a
8)c 9) b 100d 11)a 12)a 13)d 14)a
15 c 16)a 17)c 18)d 199a 20)a

oo

APPLICATIONSOF INTEGRATION
Exercise5.1

16 1
1)0 2)80 3)% 42 51 vz 6) 3 7)—1%
8)19) 22 10)(a+b) 4
Exercise 5.2
Answers are in sguare units.
926 38 42 5% 6logs 7) 822 8)8
9) 4logd 10) pa 11) pab
Exercise 5.3

1) C=10x+12x*- x*+4, AC=10+ 12 - X2+%

2) C=100(loggs +1), AC=1R (log +1)
3) C=x3-5x2+3x+8,A0:X2-5X+3+%
4) C=5x- 3x*+x3+ 100, AC:5-3x+x2+%O
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5) C=20x- 0.02x2+ 0.001x¢ + 7000
AC = 20- 0.02x + 0.001x2 + L)?O

6) R=15x- 92 - x°, AR=15- X x

7) R=9x-x2+4_>§’, p:9-x+%
8) R=100x- 3, p=100- 3x2

X2

9 R=2X+2x2- p=2+2x- X2

2

3
T!
10)R=4x- 3~ p

w

1) p=3-x, R=3x-x2

12)p:5-%, R=5x- "2—3 13)p:L,kisconstant.

14)c:2x+e3x+500 AC=2+ £X 4 50
.3 _L_Iogxz 9
15 R= logx?+9, p= —+ 5

16)R:16X-T3, p=16- TZ 17) 13x - 0.065x2 - 120

18) R = Rs. 4,31,667
Exercise5.4

1) CS=27 units 2) cs=2L 3 20 nits
3) (i) CS=16units (ii) CS=4units

4) CS=216 units 5) PS= 128 units 6) PS= =~ unlts
7) (i) PS= 3~ units (i) PS=18units  8) PS= - urits

9) CS=9units; PS=18 units 10) CS=18 units; PS = 36units
11) CS= 144 units PS = 48 units

12) CS= 623 units PS— units

13) CS= L wnits PS=32 units
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14) CS =50 units PS =15 units

15) CS=1610g2 -8 units PS = 4 units

Exercise 5.5

D 2(@A 3) (a) 4) (b) 5 (3
6@ 7@ 8) (b) 9 (@ 10) (b)
1) () 12)(a) 13) (b) 14) (@) 15)(a)
16) (@) 17)(a) 18) (b)
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